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Boundedness criterion and global solvability
for the three-species food chain model with
taxis mechanisms
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Abstract. In this paper, we shall investigate a three-species food chain
model with taxis mechanisms including prey-taxis and alarm-taxis in a
smooth bounded domain Q@ C R"(n > 1) with homogeneous Neumann
boundary conditions. More precisely, we first establish the boundedness
criterion for a general food chain model with various taxis mechanisms
for arbitrary spatial dimensions by using the semigroup estimates and
coupled energy estimates. With the boundedness criterion, we prove the
global boundedness of the solution with the general functional response
functions under some smallness assumptions on the taxis coefficients by
using the weighted energy estimates. On the other hand, for some spe-
cial functional response functions including Beddington—DeAngelis type,
ratio-dependent type and Harrison type, we also obtain the global exis-
tence of the solution with uniform-in-time bound without any smallness
assumptions on the taxis coefficients or initial data.
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1. Introduction and main results

To deeply understand the foundational principles governing ecosystem dy-
namics, energy transfer, and species interactions, various temporal food chain
models have been proposed and studied [13,16,17,24,25,29,30,36,38,43]. It
has been shown that the temporal three-species food chain models exhibit rich
dynamics such as chaos [16,24,30,32,34,51], periodic orbits [31] and bistability
[35] and so on. However, compared with the well-known results on the temporal
food chain models mentioned above, few results are known for the food chain
model with spatial movements, which actually plays an indispensable role for
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the population species to survive and thrive. As experimental observation [23],
the spatial movements not only include the classical random movements (diffu-
sion) but also the directed movements (taxis) such as prey-taxis or alarm-taxis,
which refers to the ability of predators to detect and move towards areas of
higher prey density. To gain a more comprehensive understanding of species’
dispersion and migration patterns, we shall study the following three-species
food chain model with spatial movements in a bounded domain 2 C R™ with
homogeneous Neumann boundary conditions

up = Au+u(l —u) — by Fi(u,v)v, xeQ, t>0,
v = Av =&V - (vVu) + Fi(u, v)v — ba Fa(v,w)w — v, x € Q, t >0,
we = Aw — XV - [wVe(u,v)] + Fa(v, w)w — Oaw, z €N, t>0,
%:%:%:0, x e, t>0,
u(z,0) = up(x),v(z,0) = vo(x),w(z,0) = wo(z), x €9,

(1.1)

where v is the outward unit normal vector on 92 and the homogeneous Neu-
mann boundary conditions means that no individuals can cross the boundary.
Here u, v, w represent the density of the prey species, primary and top preda-
tors respectively. For ¢ = 1,2, the parameters b; > 0 denote consumption rates
of the prey and the primary predators, and 6; > 0 represent the mortality rates
of the primary and top predators, respectively. Here F;(i = 1,2) are functional
response functions (trophic functions), which describe the consumption rate of
a predator varies with the density of its prey, and the classical forms include
Holling type [18,24,30,31], ratio-dependent type [18], Beddington-DeAngelis
type [4,9,34,51], Harrison type [14] and so on. The term —£V - (vVu) was used
as prey-taxis mechanism [23] to describe the directional movement of primary
predators toward prey density gradient. Similarly, the term —xV - [wV¢(u, v)]
describes that the top predators move toward to high gradient of the signal
produced due to the interaction between the prey and primary predator.

Before presenting our main results, we first recall some relevant results
on the system (1.1). If w = 0, the system (1.1) becomes the following two
species prey-taxis system

ug = Au+u(l —u) — by Fy(u, v)v, z€Q, t>0,

vy =Av —E&V - (vVu) + Fi(u,v)v — Ov, € Q, t>0, (12)
gu — 9v =, zed, t>0, '
u(z,0) = up(z),v(z,0) = vo(z), x €1,

which was proposed to interpret the heterogeneous aggregative patterns due
to the area-restricted search strategy by Kareiva and Odell [23]. The solution
behaviors of two species prey-taxis system (1.2) such as global boundedness
and large time behavior as well as pattern formations have been extensively
studied in the recent years (cf. [7,19,20,23,47,48] and references therein).
Recently, some interesting results have been extensively established for two
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species predator-prey system with various taxis mechanisms such as the in-
direct prey-taxis mechanism [1,42,44], predator-taxis mechanism [49], dual-
taxis mechanism [10,41], signal-dependent prey-taxis mechanism [20] and so
on. However, to our knowledge, due to the more complex coupled structures
than the two species predator-prey systems with various taxis mechanisms,
few results are known for the three-species spatial food chain model (1.1) (i.e.,
w # 0).

As far as we know, the first result on the system (1.1) was established in
[21]. More precisely, by assuming the functional response functions F;(i = 1, 2)
are Holling type I and top predators move toward to high gradient of the signal
produced by the primary predator, that is under the following assumptions

Fi(u,v) =u, Fy(v,w)=v and ¢(u,v) =0, (1.3)

the global boundedness and stabilization of solution for the system (1.1) have
been established in two-dimensional bounded domains [21]. In fact, under the
assumptions (1.3), we can view the system (1.1) as two different two-species
predator—prey system and then use the nice entropy estimate found in [40]
for the classical chemotaxis system with consumption of chemoattractant and
developed for the prey-taxis system [19]. On the other hand, if we add the
terms —a1v? and —apw? in the second equation and third equation of system
(1.1) (i-e., there exists intra-specific competition for v and w ) respectively, and
the functional response functions F;(¢ = 1,2) and the signal intensity function
o(u,v) take the following form

Fi(u,v) =u, Fr(v,w)=v and ¢(u,v) = uv, (1.4)

the system (1.1) was first proposed in [15] to text the “burglar alarm” hypoth-
esis (c.f. [6]): a prey species renders itself dangerous to a primary predator by
generating an alarm call to attract a second predator at higher trophic levels
in the food chain that prey on the primary predator. Due to the nonlinearity
of the signal intensity function, the entropy inequality used in [21] for the food
chain model with linear signal intensity function (i.e., ¢(u,v) = v) does not
hold anymore. Hence the known results such as global boundedness and sta-
bilization of solutions to the system (1.1) with ¢(u,v) = uv are limited to one
dimensional space [15] or two dimensions [11,22] if there exists intra-specific
competition for v and w. From the above discussions, we know that the global
boundedness and stabilization of solution for the system (1.1) were only estab-
lished in two-dimensional spaces in the case of ¢(u,v) = v [21] or ¢(u,v) = uv
with quadratic decay terms (i.e., intra-specific competition) for v and w [22].
Hence it is natural to ask whether the results are still valid in higher dimensions
for the more general functional response functions F;(i = 1,2) and the signal
intensity function ¢(u,v). To this end, we shall study the global dynamics for
system (1.1) with the functional response functions F(u,v) and Fs(v,w), and
the signal intensity function ¢(u,v) satisfying the following assumptions:
(H1): Fy(u,v) € C%(]0,00) x [0,00)), F1(0,v) = 0, and Fi,(u,v) > 0, Fi,,(u,v)
< 0 for all u,v > 0. Moreover, there exists a constant K; > 0 such that
Fi(u,v) < Ki(u+1).
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(H2): Fy(v,w) € C%(]0,00)x[0,00)), F2(0,w) = 0, and Fy, (v, w) > 0, Fay, (v, w)
< 0 for all v,w > 0. Moreover, there exists a constant K5 > 0 such that
Fy(v,w) < Ky(v+1).

(H3): ¢(u,v) € C?([0,00) x [0,00)) and ¢(u,v) > 0 for all u,v > 0.

Then under the assumptions (H1)-(H3), the existence and uniqueness of local

solution of (1.1) can be readily proved by Amann’s theorem [2,3]. We omit the

details of the proof for simplicity.

Lemma 1.1. (Local existence) Let Q@ C R™(n > 1) be a bounded domain
with smooth boundary and suppose (H1)-(H3) hold. Assume (ug,vo,wp) €
[(W222(Q)]? with ug,ve, wo = 0, then there exists a Trar € (0,00] such that
the system (1.1) has a unique classical solution

(u, v,w) € [C°(Q % [0, Taz)) NC*H(Q x (0, Trnaa))]?
satisfying u,v,w > 0 for all t > 0. Moreover, it holds that

either Tpaz =00 or 1 (Ju(, llwioe + o0, Dllwree + [l Dllz) = oo

Remark 1.2. The standard method allows us to consider (ug, vo,wo) € WHP(Q)
with p > &, we do not pursue the sharpest result in terms of the class of initial
data.

From Lemma 1.1, we know that the global boundedness of the classical
solution exist if there exists a constant C' > 0 such that

[ul, Ollwree + (s Dllwree + w8z~ < C. (1.5)

However, the condition (1.5) is hard to verify directly (i.e., see [21,22]). Hence
we want to know whether or not there exists more explicit and concise bound-
edness criterion to ensure the existence of global classical solution in any spa-
tial dimensions. To this end, we establish our first result on the boundedness
criterion for the system (1.1) under the assumptions (H1)—(H3) as follows.

Proposition 1.3. (Boundedness criterion) Let (u,v,w) be the solution of (1.1)
obtained in Lemma 1.1. Suppose that there exist po > 5 and a constant My > 0
independent of t such that

sup  [[o(,8)llLro +  sup  [lw(:,t)]|Leo < Mo,

te(0,Tmax te(0,Tmax

then one can find a constant C > 0 independent of t such that
[l )llwree + [0 D)llwree + [lw( t)[[Le < C forall t € (0, Tinaz)-
Remark 1.4. The result in Proposition 1.3 implies that the global boundedness

of the solution for the system (1.1) with assumptions (H1)—(H3) can be ensured
if we can find a pg > 5 such that

lo(, )]lLro + lw(-,t)||Lro < C, for all t € (0, Thaz), (1.6)

where C' > 0 is a constant independent of ¢. Indeed, the condition (1.6) is
easier to verify than (1.5).
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Remark 1.5. For the system (1.1) with the assumptions (H1)-(H3), we can
easily check that there exists a constant C' > 0 independent of ¢ such that
oG, O)llzr + [Jw(-, t)|lzr < C, see Lemma 2.1. Hence using the boundedness
criterion in Theorem (1.3), we can derive the global existence of solution for
the system (1.1) with uniform-in-time bound in one-dimensional space directly.
For the higher dimensions (n > 2), we need more regularity of u and v, which,
however, is not easily obtained due to the complex coupled structure. To our
knowledge, we can obtain (1.6) with py > 1 in two-dimensional spaces (see
[21,22]) only under some special functional response functions F;(i = 1,2)
and signal intensity function ¢(u,v), which motivates us to study the global
boundedness of solution for system (1.1) in higher dimensional spaces (n >
2) for general functional response functions Fj;(i = 1,2) and signal intensity
function ¢(u,v).

With the above boundedness criterion, we shall establish the global bound-
edness of solution of the system (1.1) in higher-dimensional space (n > 2) as
follows.

Theorem 1.6. (Global boundedness) Let Q C R™(n > 2) be a bounded domain
with smooth boundary. Assume that 0 S (ug, vo,wo) € [W2°°(Q)]® and (H1)-
(H3) hold. Suppose one of the following conditions holds:

(1): The parameters & and x are small such that

£< where M, := max{1, ||ug||p= } (1.7)

and

Xl|@ull= < where My := C(€° +1). (1.8)

1
Here C >0 and 6 > 1 are two constants independent of £, x and t.
(2): There exist two positive constants uy and po such that
Fy(u,v)v < pqu and  Fa(v,w)w < pgv. (1.9)
Then the problem (1.1) has a unique global classical solution (u,v,w) € [C°(Qx
[0,00))NC?1(Q x (0,00))]? satisfying u,v,w > 0 for all t > 0. Moreover, there
exists a constant C' > 0 independent of t such that

[u( Dllwree + (s Dlwre + w8l < C. (1.10)

Remark 1.7. Below we give some remarks on the results obtained in Theorem
1.6.

e Applying the comparison principle to the first equation of (1.1), we have
l[u(,8)l| e < My := max{1, ||uol[ L~}

Moreover, under the condition (1.7), we can derive that there exists a
positive constant M such that

lo(, )l < Mz :=C(€° +1)

where C' > 0 and § > 1 are constants independent of & and x. Since
d(u,v) € C?([0,00) x [0,00)) and the boundedness of u,v, which are
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independent of x, we can find a constant 79 > 0 independent of x such
that

[@ollze < 10-
Then (1.8) can be satisfied if
< —r
= mo(n+2)My

e The conditions (1.9) can be satisfied by various types of functional re-
sponse functions F;(i = 1,2) such as Beddington—DeAngelis type [4,9,
34,51], ratio-dependent type [18] and Harrison type [14] and so on.

At last, we give some applications of the results obtained in Proposition
1.3 and Theorem 1.6. The first example for the application of our results is the
food chain model with alarm-taxis and Holling type I functional response func-
tion, that is the system (1.1) with (1.4). More precisely, we have the following
results.

Proposition 1.8. Let Q@ C R™(n > 2) be a bounded domain with smooth bound-
ary. Assume that 0 S (ug,vo,wo) € [W2°(Q)]3 and the parameters & and x
satisfy the following conditions

&< and x <

1 1
(n—|—2)M1 (TL-|—2)]\4-1A7\427
with My and My defined as in Theorem 1.6. Then the system (1.1) with (1.4)
has a unique global classical solution (u,v,w) € [C°(Q x [0,00)) N C%1(Q x
(0,00))]? satisfying u,v,w > 0 for all t > 0 with uniform-in-time bound in the
sense of (1.10).

Remark 1.9. Our results in proposition 1.8 imply that the boundedness of the
solution for the system (1.1) with (1.4) can be established in any dimensional
space with some smallness assumptions on the taxis coefficients £ and x. As
far as we know, the global existence of classical solution for the system (1.1)
with (1.4) for large £ and Yy is still open even in two-dimensional spaces.

The second example will be discussed is the system (1.1) with functional
response functions Fj(u,v) and Fy(v,w), and the signal intensity function
o(u,v) taking the following form

Fl(uvv): -

F =
my +v’ 2(v, ) ma +w

and ¢(u,v) =uv, (1.11)

where my and mg are two positive constants. The system (1.1) with (1.11) can
be rewritten as follows

ut:Au—I—u(l—u)—TZl;fv, x €N, t>0,
v =Av—EV- (VW) + B — v gy 2 e, £>0,
wy = Aw — xV - [wV(w)] + 24 — bow, z€eQ, t>0, (1.12)
ou _ ov _ dw _ () x€0Q, t>0,

ov — Ov v
u(z,0) = up(z),v(x,0) = vo(x),w(z,0) = we(x), =€
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For the system (1.12) without spatial movement, the conditions for existence
and stability of extinction and coexistence equilibrium states are determined
in [5]. When y = & = 0, the global dynamics of solution for the system (1.12)
have been established in [27]. Recently, by using the semigroup estimates, the
authors in [50] proved the global bounded classical solution of (1.12) with & =0
in all dimensions. In fact, we notice that the functional response functions
Fy(u,v) and Fy(v,w) satisfy

uv vw
Fi(u,v)v =
i ) mi + v

<w
mo + w

<wand Fi(v,w)w =

Then the conditions (1.9) are satisfied and hence we can directly obtain the
global boundedness of the solution for the system (1.12) as follows.
Proposition 1.10. Let Q C R™(n > 2) be a bounded domain with smooth bound-
ary. Assume that 0 S (ug,vo,wp) € [W32(Q)]®. Then the system (1.1) with
(1.12) has a unique non-negative global classical solution (u,v,w) € [C°(Q x
[0,00)) N C%1(Q x (0,00))]? satisfying u,v,w > 0 for all t > 0 with uniform-
in-time bound.

Remark 1.11. The results in Proposition 1.10 not only cover the results the
global boundedness results of the system (1.12) in reference [50], but also
extend these results to the case of £ > 0.

2. Preliminaries and basic lemmas

In the following, we shall abbreviate [, fdx as [, f for simplicity without
confusion. Moreover, we will use ¢; and M;(i = 1,2,...) to denote generic
positive constants independent of ¢ which may vary in this paper. In this
section, we first give some basic estimates and lemmas that will be used later.

Lemma 2.1. Let (u,v,w) be the solution obtained in Lemma 1.1. Then it holds
that

[lu(-, )| L < My :=max{1, ||uo||r=} for all t € (0, Tnaz), (2.1)
and
lo( O)llzr + lw(, )l < M3 for all t € (0,Thaq), (22)
where M3 > 0 is a positive constant independent of £, x and t.

Proof. Applying the comparison principle to the first equation of (1.1), we can
derive (2.1) directly.
From the equations of (1.1), one can derive that

%/(u—&-bw—i-blbgw):/u(l—u)—blﬁl/v—blbgﬁg/m
Q Q Q Q

and hence

d
— (u+blv+b1bzw)+/u+b191/v+b1b292/w
dt Jo Q Q Q

[ [ == [ -1 419 <I0),
Q Q Q
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which, combined with Grénwall’s inequality, gives (2.2). O

Lemma 2.2. Let Q@ C R" be a bounded domain with smooth boundary, and
z € C?(Q) satisfy % =0 on 0N, where v is the outward unit normal vector
on 0X). Then we have

0|V z|?
% < 2k1|V2|?, (2.3)
and
/|Vz|2(p+1) SKQHZH%N/ \Vz|2(p_l)\D22|2 for pel,0), (2.4)
Q Q

where k1 = Kk1(Q) is an upper bound of the curvatures of 9Q and ke = 2(n +
4p?).

Proof. The proof of (2.3) can be found in [33]. The estimate (2.4) has been
proved in [26]. O

Lemma 2.3. [44] Let T > 0 and 7 = min{1, 2}. Suppose that the non-negative
functions y € C([0,T))NCL((0,T)) and f € L} ([0,T)) satisfy

y'(t) +ay(t) < f(t), te(0,T),

and
t+1
f(s)ds <b, te(0,T—r1),
t

then it holds that
b
y(t) < max {y(O) +b=+ 2b}, te (0,7).

Lemma 2.4. [12,46] Let e!®(t > 0) be the Neumann heat semigroup in ), and
denote Ay > 0 as the first non-zero eigenvalue of —A in § under Neumann
boundary conditions. Then there exist positive constants v; (i = 1,2,3,4) de-
pending only on 0 such that:

(i) If 2 < p < o0, then
Ve 2| 1r < y1e V2w for allt >0 (2.5)
holds for all = € WP(Q).
(i) If 1 < ¢ <p< oo, then
[Vet®z|Lr < 7o (1 4+t 256Gy ) e MY 2l|pe forallt>0  (2.6)
holds for all z € LI(Q).
(iii) If 1 < g <p<oo, then
e 2l Lo < 73 (1 vt %—%>) IzllLe  for allt >0 (2.7)

holds for all z € L1(R2).
(iv) If 1 < ¢ < p < o0, then

1

€2V - 2||r < 4 (1 +t—5—%<%—%>) e MY zllpe forallt>0 (2.8)
holds for all z € (C§°(S2))™.
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We emphasize that the result in Lemma 2.4(iv) is also applicable to any
z € L1(Q) with 1 < g < o0, because C§°(Q?) is dense in L1(Q)(1 < ¢ < o0)
(see also [46]).

3. Boundedness criterion: proof of Proposition 1.3

In this section, we are devoted to establishing the boundedness criterion of
for the system (1.1) in any dimensional space. To this end, we first utilize the
Neumann semigroup theory motivated by [19, Lemma 3.1] to establish the
boundedness of ||v(-,t)||L~ provided the boundedness of ||v(-,t)||Lro for some
po > 5. For the two species predator-prey system (1.2), the boundedness of
lv(-,¢)|| L is enough to ensure the existence of global classical solution. How-
ever, for the three-species food chain model, we need further estimates on the
boundedness of ||w(-,t)||r~, which is not easily to obtain. In fact, since the
appearance of cross-diffusion term —xV - [wV¢(u, v)] in the third equation, to
derive the L*°-bound of w, we need some estimates on Vv, whose estimates
however depends on the estimates of w itself. To overcome this problem, we
first establish coupling energy estimates of ||w(-,t)| L + ||Vv(-, )| 20 provided
the boundedness of |[w(-,)|[zro With po > 5, and then apply semigroup esti-
mates to derive boundedness of ||w(+,t)||L=. Then the boundedness criterion
for system (1.1) follows.

3.1. Boundedness of ||v(-, 1)/

In this subsection, we first show that the boundedness of ||v(-,t)||L=~ can be
established provided the boundedness of |[v(-,t)||Lr0 for some pg > 5.

Lemma 3.1. Let (u,v,w) be the solution of (1.1) obtained in Lemma 1.1. If
there ewist constants pg > 5 and Cy > 0 independent of & and t such that

sup [|lv(+,?)||Lro < Co, (3.1)
te(0,Tmax)

then we can find two constants C7 > 0 and 6 > 1 independent of £, x and t
such that

[o(-s )|z < M := C1(€° +1). (3.2)
Moreover, it holds that
[Vu(-, )L < My, (3.3)
where My > 0 is a constant depending on & but independent of x and t.

Proof. If ||v(-,t)||Lro < Cp, we claim that there exists a constant ¢; > 0 such
that

(IVu(-,t)||or < i, forall t € (0, Thnax), (3.4)
with

1 npo if <
re {[ i (3.5)

1, 0], if po > n.
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In fact, applying the variation-of-constants formula to the first equation of
(1.1), we have

¢ ¢
u(-,t) = eB Dty + / eA=DE=)y(2 — w)ds — by / A=V By (u, v)vds,
0 0

and hence

t
IV, Ol < Vel D] - +/ Ve )02 — )| 1-ds
0

+ by / t [VeA=DE) By (u, v)v| L ds (3.6)
=1+ 120+ Is.
Then using (2.5) and ug € W2°°(2), we can derive that
I = ||Vel2 Vg || pr < yre” MV 1 < . (3.7)

Noting the fact ||Ju(-,t)||p~ < M; in Lemma 2.1 and using (2.6), we can esti-
mate Iy as follows:

t
I :/ HVe(A*l)(t*S)u@—u)||L7~ds
0
t
o [ (L= a) ) OOz - ) ds
0

o0

< oMy (2 + Ml)/ (1 (- s)—%+%) e~ MHD(E=9) g
0

S C3.

Using the properties of Fj(u,v) in assumption (H1) and noting the fact
llu(-,t)||Le < M; (see Lemma 2.1), we can find a positive constant ¢, :=
K1(M; + 1) such that

0 < Fi(u,v) < cy. (3.9)

Then using (3.1) and (3.9), we can apply the semigroup estimates in (2.6) to
derive

t
Iy =by / |VeADE=9) By (u, )| rds
0
' -3-3(%-%) A1) (t—s
Sbl’YQ/ <1+(t—8) 2 2\po v )e_( 1+ )(t_é)”Fl(U,U)HLoo||UHLpods
0
- ~3-2(2-1 3.10
§b1’YQCOC4/ <1—|—(t—s) 3 2(1710 i)) e~ (A+D)(t—5) 4 ( )
0

b1v2Cocy ;+@(¢,;) 1 n/1 1
< —— 11 1)z 2\p0 )T = — = — — —
EPSIE ( Tt ' 2 2\p0 r

SCSV

where I' denotes the Gamma function defined by I'(z) = [~ t*~'e~"dt.
Then substituting (3.7), (3.8) and (3.10) into (3.6), we obtain (3.4).
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We are now in a position to show (3.2). Applying the variation-of-constants
formula to the second equation of system (1.1), and noting Fs(v,w) > 0 from
the assumption (H2), it holds that

t t
v(-, 1) = BTy, — E/ B0 g L (yTu)ds + / B By (4 v)uds
0 0

t
7b2/ eBmIE) B (4 w)wds (3.11)
0

+ t
< Aot 5/ BT L (yVu)ds +/ B0 By (4, v)uds,
0 0

which gives

t
[0(-, 8|z < leBm0 0| + € / e A=Y - (vVu)|| L~ ds
0

, (3.12)
+/ ||€(A_91)(t_S)F1(u,U)v||Loods.
0
For each fixed T € (0, Tynaz), if we let
M(T) == sup |lv(,t)||L=, (3.13)

te(0,T)

then M(T') is finite due to local existence of the solution. Next, we shall
estimate M(T') from (3 12) Without 1055 of generality, we assume that § <

po < ”po such that
(3.4) holds. Moreover, usmg the fact n < r < n"f’;o, we can fix n < q < 7 such
that
1 q
—5—2—q>—1 and do =1-" - € (0,1). (3.14)

Then using the fact ||v(-,t)||1 < M3 in (2.2) and the estimate (3.4), we have

11— _5
lVulze < lofl 2 Vull e < ol & ol ™ [ Vuller < codM3 =5 MO (T).
(3.15)
On the other hand, noting (3.1) and (3.9) one has
1F3(u, v)0l [ Lro < [|F1(u, 0) || oo [0l Lro < Coca. (3.16)

With the estimates (3.15) and (3.16) in hand, from (3.14) and (3.12), we can
use the semigroup estimates (2.7) and (2.8) to derive
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e _1_n _ —_s
o, )l < sllvolle + / (14 (= 9)72730) e O v ads

o n
+ 3 / <1 + (t— 3)7%) eI Fy (u, )| Lro ds
0

< sllvollzee

Yace€ M3 5 1iia (1 m
ikt ekt S (1 PRSP R
+ N1 0 MOT) [ 1+ (N1 +61)27 2 5 2

v3Coca g n
1 °T1— —
T ( o ( 2po ))

< C7£M60 (T) + cs.
Then noting the definition of M(T') in (3.13), from (3.17), one can obtain
M(T) < e M (T) + e,

(3.17)

which gives

M(T) < 2(1 — 86)(260) T35 (7€) ™55 + 2¢5 < co(1 + £7%)

and then (3.2) follows. Moreover, using (3.2), we can obtain (3.3) directly from
(3.4) and (3.5). Then we complete the proof of this lemma. O

3.2. Coupled energy estimates: ||w (-, t)||rr + [|VV(, )| 120

Next, we shall improve the regularity of v to establish the boundedness of
llw(-,t)| L. To this end, we first establish the following coupled energy esti-
mates.

Lemma 3.2. Assume the conditions in Lemma 3.1 hold Then it holds that

d
it (wp+|vv|2p) +M5/(wp+|Vv|2p /|v
Q

dt
< Mg (/ | An[PH —|—/ wPT 1) ,
Q Q

where M5 = pmin{61, 62} and Mg > 0 is a constant depending on § and x but
independent of t.

(3.18)

Proof. Using the second equation of (1.1) and the integration by parts, we can
derive that

2pdt/‘ v|2p—/ |Vo|?P~2Vv - Vy

:/ |Vo|?P~2Vv - V[Av — V - (€0Vu)
Q
+ F1(u,v)v — ba Fa(v, w)w — 61v]

:/ \Vv|2p_2Vv~VAv+§/V-(|Vv|2p—2Vv)V-(UVu)
Q Q
+/ |Vo?~2Vv - V[Fy (u, v)v]
Q

—bg/ |Vv\2p—2Vv-V[F2(v,w)w]—01/ Vo[,
Q Q



NoDEA Boundedness criterion and global solvability Page 13 of 33 36
which, together with the fact Vv - VAv = £ A[Vv|? — |D?v|?, gives
1d -1
[1voe + o= [ wope-a v
Q 2 Q

2p dt
—I—/ |Vv|2(p_1)\D2v|2+91/ |Vo|?P
Q Q

1 O|Vu|?
= 7/ |W|2<P—UM+§/ V- (|Vo|*2V0)V - (vVu)
2 Joq o Q

(3.19)

+/ |V~ - V[Fy (u, v)v] — bg/ |Vo|2P~2Vv - V[Fy (v, w)w]
:J1$J2+J3+J4. !
Using (2.3) and the following trace inequality (see [37, Remark 52.9])
[2llr200) < ellVzlz2(0) + Cellzllz2(n) for any &> 0.

We first estimate the term .J; as follows:

1 0|Vvl|?
J = 7/ |VU\2(”_1)% < /ﬁ/ V)P
a0 v

2
o (3.20)

-1
< L/ |Vv\2(p72)|V|Vv|2|2+cl/ |Vo|?P.

Using the facts ||v(-,t)||pe < Ma and ||Vu(-,t)||ne < My, and noting |Av| <
/n|D?v], we can estimate the term J as follows:

J2:f/V-(|VU\2p_2VU)V~(UVu)
Q
—¢p=1) [ [VoPHVITeR - Vu(To- Vu+ i)
Q
—|—€/ |Vul?P~2Av(Vv - Vu + vAu)
Q
< élp— )M [ [Vl D |9IVoP
“ (3.21)
+elp— 1Mz [ [VoPr 9V Au
Q
+£M4/ |Vv|2p*1|Av|+§M2/ IV0|2=2| Au|| Av|
Q Q
Sp;l/ |VU|2(P72)|V|V,UI2|2+C2/ |v,U|2p
8 Q Q
b5 (1T DR ey [ TP A,
8 Ja o
where ¢y := 4(n +p — 1)2M3? and c3 := 4(n +p — 1)E2M3.

Using (3.2) and noting the properties of F5(v,w) in assumption (H2), one
has

0< FQ(U,U)) < K2(M2 + 1). (322)
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Then noting facts (3.2), (3.9) and (3.22) as well as |Av| < y/n|D?v|, and using
Young’s inequality, we estimate the terms Js and J4 as follows:

J3 = / |Vol*? "2V - V(Fi (u,v)v)
Q

—/ V- |V V) Fy (u, v)v
¢ (3.23)

IN

(1) / VoV Vol Fi (w, 0o + / V0|2 Ao| Fi (4, v)v

Lo [P e 4 g [ 19D e [ 9o
Q

A

and
Ju = sz/ |Vo|*P~2Vo - V(Fa (v, w)w)
Q
= b2/ V- (VP Vo) Fa (v, w)w
@ (3.24)
<ba(p—1) / \Vv|2p_3\V|Vv|2|F2(v,w)w+bz/ Vo[22 | Ao B (v, w)w
/ Vo[22 |9 o[ + / Vo2 D2 1 ¢ / Vo2 D

Substituting (3.20), (3.21), (3.23) and (3.24) into (3.19), and using Holder
inequality and Young’s inequality, we can derive that

i L 1o+ 2222 [ v awipp

+1/ Vo2 |D2v|2+91/ Vol
Q Q
< (c1+cQ)/ |Vv|2p+03/ |Vv|2(p_1)|Au|2+C4/ V|2
Q Q Q
+C5/ |V 2P~ 1y?
Q

1
<(c1 +co / VU2p+C4/ Vo2 4 /sz(pﬂ)
(@ +ea) [ 9o ea [ [P s [ e

+C6/ |Au|p+1+07/ wht,
0 0

where ko = 2(n + 4p?) is the constant defined in Lemma 2.2. Then applying
Young’s inequality and (2.4), and noting ||v(-,¢)||L~ < Ms, we can obtain

1
2 2(p—1 2(p+1
(01+62)/ |Vl p+C4/ |V @ )+W ,‘[22/ [Vl ()

< 2(p+1)
< 2R2M2/|Vv\ +cs

1
5/ |Vv\2(p_1)|D211\2+08,
Q

(3.25)

IA
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which substituted into (3.25) entails that
3p(
G [iworr+ 2EZD [ gupo-2givopp
+§/ |Vv|21”1 |D2v|2+2p91/ |Vo|?P (3.26)
Q Q

< 2c6p/ |AuPT 4 2C7p/ wPT 4 2cgp.
Q Q

On the other hand, from the third equation of (1.1), we can derive that

pdt/ pi/wp o

= /prfl[Aw - V- xwVo(u,v)] + Fa(v, w)w — Gw]
(3.27)

= —(p— wp72 w 2 - uwp71 u-vw

= =1 [ V0l +x(p=1) [ 0w V0V

(p—l)/¢va_1Vv~Vw+/FQ(U,w)w”—(‘)Q/wp
Q Q Q

Moreover, noting the boundedness of ||u(,t)||L~ (see Lemma 2.1) and
llo(-, )| L= ( see (3.2)) and using the assumption (H3), we can find a constant
7 > 0 independent of ¢ such that

||¢u||L°° + ||¢v||L°° < 7. (328)

Then noting the facts (3.3), (3.22) and (3.28), and using Young’s inequality,
we can derive from (3.27) that

it ) Jy et |
—— [ w4+ (p-1 wP™?|Vw|” + 6 wP
pdt Jo (r-1) o [Vuwl 2 o

<=M [ 0 Vultnxp-1) | w (9elVal+ [ Faow)er
Q Q Q

-1
< L/wp_2|Vw|2+09/wp|Vv\2+clo/w
2 Ja Q Q

which, together with the fact [, w?=2|Vw|? = ;iz Jo IVw® [, gives

d 2(p—1 »
*/““L)/|wa\2+ezp/wpécw/ wp\vU|2+clop/wp
dt Jq D Q Q Q Q

(3.29)

On the other hand, using Young’s inequality noting |[v(-,t)|| L~ < My, we can
derive from (2.4) that

Cgp/ﬂwp‘V’UP—Fclop/Qw < 2/€2M2/|V |2P+1)—|—611/pr+ + C12
S *\/ |VU|2 p71)|D2U|2+611/U}p+1+612.
2 Jo Q

(3.30)
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Then substituting (3.30) into (3.29) and combining (3.26), we can obtain
(3.18). O

3.3. Boundedness of ||w(:,t)| L

In this subsection, we are devoted to establishing the boundedness of ||w(+, t)]| Lo
To this end, we first improve the regularity of u as follows.

Lemma 3.3. Let (u,v,w) be the solution obtained in Lemma 1.1, and suppose

that (3.1) hold. Then there exists a constant My > 0 depending on & but
independent of x and t such that for any p > 1

t+71 .
/ / |D?ulP < My for all t € (0, Tmaz), (3.31)
t Q

and
t
/ e_p(t_s)HAuH;zp < M7 fO?” all t € (T, Tmaz); (332)

where

i~ Trﬂ x 1y ] Trﬂ X 9
7 := min {1, Tmax} and Tpax = @ T Zf ax < 00
2 0, if Tnax = 00.

Proof. Letting G(z,t) := u(2 — u) — by Fy (u, v)v, we can rewrite the first equa-
tion of (1.1) as follows:
up — Au+u = G(z,t).
The combination of Lemma 2.1, (3.2) and (3.9) gives
1GC Dl = lu( = u) = biFi(u, v)v]Le < e (3.33)

With ug € W2°°(Q) and (3.33) in hand, we can use the similar arguments
as in [28, Lemma 4.2] to derive (3.31) directly. Then the estimate (3.32) is a
consequence of the maximal Sobolev regularity property (see [8, Lemma 2.5]).

O

Lemma 3.4. Suppose that (u,v,w) is the solution obtained in Lemma 1.1 and
assume that there exist constants py > % and My > 0 such that

sup  JJo(,t)|lro +  sup  Jlw(-, )| Lro < Mo,

te(0,Tmax te(0,Tmax

then there exist two positive constants Mg and Mg, which depend on & and x
but are independent of t such that

IVo(, )| < Mg for all t € (0, Thaz), (3.34)
and

lw(,t)]|pee < Mg for all t € (0, Thnaz)- (3.35)
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Proof. Since |[w(-,t)||pro < Mo with pg > %, then we can use Gagliardo-
Nirenberg inequality to find a constant ¢; > 0 such that

11 P 2(p+1)
My / W = Molwh ]| g
Q L P

p  20(+1) p 20=0)(p+1) p  2@+D)
<aM(VollL” bl o+ lwdl g, ),
L » L p
2(p—1
< M/ IVwh |2 + s, (3.36)
p Q

2pg 2 n

_p _ __ P
where § = 20 2E10 ¢ (0,1) and 225U < 2. Substituting (3.36) into (3.18),

we have

d
—/ (wp + |VU|2P> +M5/(wp + |Vo)?P) < M6/ |Au|P™ 4 c3. (3.37)
dt Jo Q Q

Then noting (3.31), we can apply Lemma 2.3 to (3.37) to find a constant ¢4 > 0
independent of ¢ such for all p > py > 5 that

lw(,t)||ze + V(- t)|[p2r < ca forall t € (0, Traz)- (3.38)

From Lemma (1.1), we know that (3.34) holds for all ¢ € (0,7] with 7 is
defined in Lemma 3.3. Hence we only need to show that (3.34) holds for all
t € (1, Tynaz). Applying the variation-of-constants formula to second equation
of (1.1), we have

t
Vo(-,t) = VeA DOy 1) — f/ VeA D=7 . (uVu)ds
t
+/ VeA=D=9) (F, (u, v) (3.39)

t
+1—6y)vds — bg/ Ve(Afl)(tfs)Fg(v, w)wds.

Then noting the L*°-bound of v, Vu, Fy(u,v) and Fs(v,w), from (3.39), we
can derive that

t
IVo(, )L < [V D y( r) | + € / Ve DEIT - (v V)| Lo ds
t
+/ [VelA D= (Fy (u,v) + 1 — 61)v]| o ds (3.40)

t
+b2/ V'A% By (v, w)w]| oo ds.
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Then using the semigroup estimates in Lemma 2.4 to (3.40), it holds that
Vo, )]z < yallo(, 7)o

t
906 [ (14 0= 93 8) O T (050 s

t 3.41
+ ,7265/ (1 + (t — s)_%> e—(A1+1)(t—s)ds ( )

1

t
+ ’)’2[)206 / (1 + (t — 5)_5_%) 67()\1+1)(t75) ||’lU||LpdS.

Choosing p > n in (3.38), and using the boundedness of |[v(-,t)||p~ and
[Vu(-, 1) L, we have

IV - (vVu)||p2e = ||[Vv - Vu+vAu| g2 < c7]| V|| 20

+egl|Aul|p2r < cqcr + csl|Aul| L2,

and

t t
/(1+(t—s)*%*ﬁ)e‘““”“‘s)+/ (14 (= )72 73 ) 000 < g,

which substituted into (3.41) gives

t
IVo(, )| pee < cgfm/T (1+ (t—s)’%*ﬁ) e NI A v ds (3.42)

+ Y2 llv(-, t)|| oo + Y2csc9 + Y2bacsco.

On the other hand, using Holder inequality and choosing p > n in (3.32), we
can derive that

t
/ (1+(t—s)_%_ﬁ)e_(’\1+1)(t_s)||Au||szds

2p—1

t _2p “2p
t %
. (/ e‘Qp(t—5)||Au||2L§pds>

< ¢1o0-

Substituting (3.43) into (3.42), we obtain (3.34) directly.

Similarly, we can apply the variation-of-constants formula to the third
equation of (1.1) and use the semigroup estimates in Lemma 2.4 to obtain
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t
(-, )|z < €40 gl Lo +X/ el2 =0T - [V (u, v)]|| = ds
0

t
Jr/ H@(A*%)(FS)FQ(U,w)wHLoods
0
< sl|wol| Lo

t
+cin / (1+(t— 3)7%72”7)6_(A+92)(t_5)||qu5(u,v)||Lpds
0

t
+ 612/ (1 + (t - S)_%) 6702“78)||w||LPdS7
0

where p > n. Using the facts (3.28), [|[Vu(-,t)||lpe < My in (3.3) and
[Vo(-,t)|| L < Mg in (3.34), for p > n, we have

[wlize + WV (u, v)ller < (14 [Vo(u, v)|| <) [[wl]| e
< 1+ (Mg + Mg)|wllzr < c13. (3.44)

Substituting (3.44) into (3.45), and using the fact p > n, we have

& _1l1_n _ —s
lw(,t)|| e §73Hw0\|L°°+011613/0 (14 (t—s) 2 2 )e” MH)0=9) gy

+ 612613/ (1 +(t— 5)—;7;) e 02(t=9) g (3.45)
0
S C14,
which gives (3.35). .

Proof of Proposition 1.3. Proposition 1.3 is a consequence of the combination
of Lemma 3.1-3.4. O

4. Global boundedness: Proof of Theorem 1.6

In this section, we will prove global boundedness of the classical solution as
stated in Theorem 1.6. From the boundedness criterion established in Propo-
sition 1.3, to prove the boundedness results in Theorem 1.6, we only need
to show the boundedness of [[v(-,%)|[z» + ||w(-,t)||z» for p > § based on the
weighted energy estimates (see [39,45]) and the semigroup estimates.

4.1. Case I: general functional response functions

In this subsection, we first study the (1.1) with general functional response
function satisfying the assumptions (H1) and (H2). Then based on the weighted
energy estimates, we shall show the boundedness of |[v(-,)||r» + [[w(-,t)]|Lr
with p > 2 under the smallness assumptions on £ and x.

Lemma 4.1. Let the (u,v,w) be the solution obtained in Lemma 1.1 and sup-
pose assumptions (H1)-(HS3) hold. If £ satisfies that

&< with My := max{1, ||uo|| =}, (4.1)

1
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then it holds that
oG, )|l < My for all t € (0, Tnaz), (4.2)
where My is the constant defined in Lemma 3.1.

Proof. Noting that [|u(-,t)||L~ < M; := max{l, ||ug||r~} from (2.1), based on
some ideas in [39,45], we introduce a weight function as follows

p—1

w)? : 2
®(u) := e with £ = i

(4.3)

where p = n + 2 is chosen to ensure the following two relations (will be used
later) hold:

£2p? < 832 (4.4)
and
(b= 15" > 46% and (b= 15" > Elo— 1)2. (4.5)
p p p 4
We can easily check that ®(u) satisfies
1< ®(u) < e, (4.6)

and
0 < ®'(u) =28%ud(u) and 0 < &"(u) = (268° + 46*u>)®(u).  (4.7)

From equations of (1.1) and using formula of integration by parts, we can
derive that

1d O (u)v? = 1/Q<I>’(u)vput+/ ®(u)vP Loy

pdt Jq p Q

1
= —f/ " (u)vP|Vul|* — 2/ ' (u)vP'Vu - Vo
b Ja Q

1) /Q B(u)oP2 Vol + ¢ /Q & (u)o? |V
—|—§(p—1)/ﬂ¢>(u)vp71Vu~Vv

+1/§2¢'(u)uyp+/ & (u)vP Fy (u,v)

p Q
1 / 2 by ’ +1

—— [ D (wu v’ — = [ D' (u)vP" Fy(u,v)
P Jo P Ja

by /Q () 0P~ L Fy (v, w)w — 01 /Q B(u)o?,
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which, together with the facts F(v,w) > 0 in assumption (H2), ®(u) > 0 and
®'(u) > 01in (4.7) as well as u,v,w > 0, gives
Lo [ewe <[ [1<I>”<u> - 5<1>’<u)} VIva = (o= 1) [ e
pdt Jo Q LP Q
— / [20"(u) — &(p — 1)P(u)] WP V- Vo
o (4.8)
+ 7/ @ (u)uv” +/ D (u)v” Fi(u, v)
Q

p Q

:—/ XAXT—i—l/(I>/(u)uvp+/<1>(u)va1(u,v),
Q P Ja Q

where X = (v8Vu, v"2 Vo) and
%q)//(u) — €D/ (u) 2‘1’/(“)—5510—1)@(“)

w (p—1)®(u)

Next, we shall prove the positive definite of the matrix A. To this end, we can
use (4.7) and the fact (4.4) to obtain

Lomu) — e/ (u) = | L (262 + 46"u?) — 2667 B(u)
! o (49)
= % (28%u® — Epu+1) @(u) > 0,

where we have used the fact 23%u? — £pu + 1 > 0 due to £2p? < 8432 in (4.4).
Using (4.6) and (4.7), and noting the fact (4.5), we can verify that

2@ (u) — &(p — 1)@ (u))?

Al =22 (00 = 90 ()] D) —

4
2L () — ooy - S
p—1 . 9 4 2 4o E(-17%] ., (4.10)
= [p(% +46%u”) —45%u —4} ®%(u)
- 2(p_ 1)52 B 4ﬁ4u2 B 52(p_ 1)2 ) "
= [ » » 1 ] D°(u) > 0.

Then the combination of (4.9) and (4.10) implies that the matrix A is positive
definite, and thence from (4.8), one can find a constant ¢y > 0 independent of
& such that
1d
pdt Jg
< 1/ & (u)uv® +/ O (u)vP Fy (u,v). (4.11)
pJa Q
On the other hand, we can use (4.6), (4.7) and (3.9) as well as (2.1) to find a
positive constant c3 such that

Lo + [ s@orFiwo) < [ o,
PJa Q

Q

CIJ(u)vp+CQ/vp\Vu|2+02/vp*2|Vv\2
Q Q
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which substituted into (4.11) yields

1i/ <I>(u)vp+62/vp*2\Vv|2 §03/vp. (4.12)
pdt Jgo Q Q

Using the fact 1 < ®(u) < ¢1 in (4.6) and ||v(-,t)||pr < M3 in (2.2), then we
can use Gagliardo-Nirenberg inequality to find ¢5 > 0 such that

03/11”4-/ @(u)vp§04/vp264||vg||iz
Q Q Q

2n(p—1)

< es([VoE | 87 o2 |70 4 JloF 2 y)
Lp Lr

Scz/vp72|Vv|2+cﬁ,
Q

which substituted into (4.12) gives

1d

o Qcp(u)vu/ﬂé(u)vp < cg. (4.13)

Then applying Grénwall’s inequality to (4.13), we have [, ®(u)v? < ¢7, which
together with the facts ®(u) > 1 and p = n + 2 gives
[o(-, )] Ln+2 < cs, (4.14)

where cg > 0 is a constant independent of £. Then using Lemma 3.1 and noting
(4.14), we can obtain (4.2) directly. O

Lemma 4.2. Let (u,v,w) be the solution obtained in Lemma 1.1 and assume
(H1)-(H3) hold. Suppose £ satisfies (4.1) and x satisfies

1
o L —m——— 4.15
Ml < g (4.15)
we have
lw(, t)||pe < My, for all t € (0, Tmaz), (4.16)

where My is the constant defined in Lemma 3.1 and Mg is chosen in (3.35).

Proof. Since & satisfies (4.1), then from Lemma 4.1, we have |[v(-,t)|| L~ < Mo.
Letting p := n 4 2, we introduce a weight function

p—1

v)?2 : 2
W(v) := el with p% = TR

(4.17)

which satisfies
1<¥(w) < e, (4.18)
and

0 < ¥(v) =2p*v¥(v) and 0< U (v) = (2p? +4p"*)¥(v). (4.19)
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Using the second and third equation of (1.1), and noting the fact ¥(v) > 0,
after some calculations, we can derive

1d 1
= \I/Uwpzf/\lf’vav—i—/\llva*lw
pdtQ() pg() ¢ Q() ¢

_ T § 1 / :| P .
< /QYBY +/Q {p\ll (v)v + XV (v)py | WVu - Vo

(4.20)
+ [ €U0 X - DB, 0" Ve Vu
Q
1
+ f/ V' (v)vwP Fy (u,v) —I—/ U(v)w? Fy (v, w),
P Ja Q
where Y = (w? Vo, prszw) and
l\IJ"(U) — XV (v) 20 (u) —x(pP—1) ¢ ¥ (u)
B=|[" ? (4.21)

20 (u)w(gflmwu) (p—1)¥(v)

Next, we shall prove that the matrix B is positive definite. In fact, noting
(4.15) and the definition of p in (4.17), we can check that

8 2
< 2, (4.22)
p
and
)2 dpte? —1)p2 20— 1)202
(p—Dp 47" g =D X (=170 (4.23)
p p P 4
Then using (4.18) and (4.19), and noting (4.22), we can check that
1 " ’ 2P2 2 92
oY (v) = x¢, V' (v) = W (20%0% — px¢v + 1) U(v) > 0. (4.24)

On the other hand, after some calculations, using (4.19) and (4.23), we can
derive from (4.21) that

29’ (v) — x(p — 1)$u ¥ (v)]?

B =2 97 (0) = e, ¥ 0)] W) -

4
= {p;l(ng + 4p*v?) — 4p*0? — W] U?(v) (4.25)
_ |:2(p - 1)02 - 4P4U2 _ XZ(p - 1)2¢12;:| \112(1}) > 0.
p p 4

Then the combination of (4.24) and (4.25) gives the positive definite of the
matrix B and hence there exists a constant co > 0 such that

/YBYT 202/ wp|Vv|2—|—62/ wP 2| Vaw|?. (4.26)
Q Q Q
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On the other hand, noting the boundedness of ||v(-,t)| L= and ||Vu(-, )| L,
and using (4.18) and (4.19) as well as the assumptions (H1)-(H3) on Fj(u,v)(i =
1,2) and ¢(u,v), we can derive that

/ (5\11”(7))1) + X\Il’(v)qSU) wPVu - Vo < 03/ wP| V| (4.27)
Q \P Q
and
/ (€W (v)v + x(p — D)W (v) ) WP Vu - Vo < C4/ wP~HVw|  (4.28)
Q Q
as well as
1
7/ V' (v)vw? Fy (u,v) —I—/ U (v)wP Fa(v,w) < 05/ wP. (4.29)
P Ja Q Q
Then substituting (4.26)—(4.29) into (4.20), and using Young’s inequality, we
obtain that
1d

\Il p
bl (v)w

+02/wp|Vv|2+62/wp’2|Vw|2
Q Q

303/wp|Vv\+C4/wp’1\Vw\+C5/wp
Q Q Q

2
<2 wp|V02+62/wp2|Vw|2—|—< ++05>/wp,
2 Ja 2 Ja 2ca  2c9 Q

which gives

1d
\I/(v)wp—f—cj/ wp|Vv|2+9/wp_2\Vw|2 gcﬁ/ wP, (4.30)
pdt Q 2 Ja Q

Wlth Cg ‘= 265’2 =+ 2C2 + Cs.
At last, using the facts 1 < U(v) < ¢; and ||w(-,t)]|z1 < Ms. We can use

the Gagliardo-Nirenberg inequality and Young’s inequality to derive that

ce/ wp+/ ¥ (v)w” < C7/ w” = C7Hw%”%2
Q Q Q

2n(p—1) » 4 »
< es([Vw R |70 w? "9 4 w2 2)
LP LP
<2 w” 2| Vwl|* + co. (4.31)
Q
The combination of (4.30) and (4.31) gives

1d
ol \I!(v)'wp +/Q\I/(v)wp < ¢o. (4.32)

Applying Gronwall’s 1nequahty to (4.32), we obtain

/w”</ v)w? < 9.

Since p =n + 2, (4.16) follows Lemma 3.4. Then we complete the proof. [
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4.2. Case II: special functional response functions

In this subsection, suppose Fj(u,v) and Fy(v,w) satisfy assumptions (H1)—
(H3) and (1.9), then we shall establish the boundedness of system (1.1) by using
semigroup estimates and the boundedness criterion obtained in Proposition
1.3.

Lemma 4.3. Let (u,v,w) be the solution obtained in Lemma 1.1, and suppose

the assumptions (H1)-(H3) and (1.9) hold. Then we have

IVu(-,t)||pe < My for all t € (0,Tmax), (4.33)
and

lo(-,0)||pee < M1y for all ¢ € (0, Thnax), (4.34)

where the constant Mg is independent of £, x and t, and My, depends on &
but is independent of x and t.

Proof. Noting ||u(-,t)||r~ < M; in Lemma 2.1, and using the assumption (H1)
and (1.9), we have

0< Fi(u,v)v < pju < puyMy for all t € (0, Thaz)- (4.35)

Applying the variation-of-constants formula to the first equation of system
(1.1), one can derive

¢
Vu(-,t) = VelA Diy, +/ VelA=DE=5)y(2 — u)ds
0

t
—by / VelA=DU=9) By (u, v)vds. (4.36)
0

Then using the semigroup estimates stated in Lemma 2.4 and (4.35), we can
derive from (4.36) that

t
IVu(, )l < VeV ug]| po Jr/ Ve A0 (2 — )| L~ ds
0
t
+ b1/ [VeA=DE) By (u, v)v| Lo ds
0
t 1
< Yalluollz~ + 72/ (14 (t—s)72)e”MHDED (2 — w)|| = ds
0

t
by / (1+ (t — )~ H)eC+DE) | By (1, 00| o ds
0
< y2||ugl| e

+ ’YQMl(Q + Ml + bl/-j/l)/ (1 + (t — 8)_%)6_(>\1+1)(t_s)d5
0

Mi(2+4 My +b 1
< Yalluo| o= + L2 i Lt bun) T+ +1D20(2)),
A +1 2

which gives (4.33).
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Next, we shall prove the boundedness of ||v(-, )|z in (4.34). By using
the boundedness criterion established in Lemma 3.1, we only need to show
|v(-,t)||Lr < c1 with p > &. To this end, for T' € (0, Trnae) we first define

N@)i= sup [ol-0)]sr. (4.37)
€(0,
For p > %, we choose § < g < p such that
1 11 1—2
—2—Z<q—p>>—1 and 01 ::171 € (0,1). (4.38)

P
Then using (4.33), Holder inequality and (4.37), we have

loVallze < f[ollpalVulle < ol [0l 35 [ Vull e < My~ MiN(T).
(4.39)
Then applying the semigroup estimates in Lemma 2.4 and using (4.39), we
can derive from (3.11) that

t
[o(,t)[Le < [le® ™ ug | Lo +€/ e IT - (vV) || e ds
0
t
+/ (|40 By (u, v)ol| Lo ds
0
t " 0
< alfoollz + 7 / (1+ (¢ — 5)3)e ™= | Fy (w, v)o]| o ds
+74§/ 1 + (t—s) _5_5(7_% > e_()‘1+81)(z_8)HUVUHquS

<ol + by [ (14 (= ) s
0

+ M3~ Mo N (T) / (1 t(t-s)27 3Gy ) e~ M=) gg
0

< clNY(T) + ca,
which combined (4.37) gives
N(T) < c1€N°H(T) + ¢
and hence N(T) < ¢3(1 + fﬁ) := ¢4 by noting §; € (0,1) in (4.38). Then
using the definition of N'(T'), we have for all p > % that
oG, O)|ler <ecqa forallt € (0, Thas)- (4.40)
At last, applying Lemma 3.1 to (4.40) with p > %, we obtain (4.34). O

Lemma 4.4. Let (u,v,w) be the solution obtained in Lemma 1.1 and the as-
sumptions (H1)-(H3) as well as (1.9) hold. Then it holds that

IVu(-, ) ||pe < Myo  for all t€ (0, Thaz), (4.41)
and
lw(, )| < Myg  for all t€ (0, Tmax), (4.42)

where My and Mis are positive constants depending on & and x but indepen-
dent of t.
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Proof. Using the similar arguments in Lemma 3.2, we can derive

2p Vol2(P—2) 2|2
g | 190+ B [ [ glvep
—|—/ |V 2P—1) |D2v|2+01/ |Vo|?
Q Q

1 2 )
_ f/ |W|2<p—1>m+g/ Vo (Vv - (v (449)
2 Joq ov Q

+ / |Vo|?P =2V - V(F (u, v)v) — bg/ |V|?P =2V - V(Fy (v, w)w)
Q Q
=Ji+Jo+ J3+ Jy.

The terms Jq, J5 and J3 can be estimated by using the same way in Lemma 3.2,
and then we only need to estimate the term Jy. In fact, noting ||v(-, )|~ <
M in Lemma 4.3 and using the condition (1.9), we have

0 < Fy(v,w)w < pov < poMyy for all t € (0, Thaz)- (4.44)

Then using the integration by parts and Young’s inequality as well as (4.44),
we estimate J; as follows:

Ji = —bz/ |Vo|** 72V - V(Fa (v, w)w)
Q
§bg(p—1)/ \Vv|2p_3|V|VU\2\F2(v,w)w+b2/ Vo[22 AwFy (v, w)w
Q Q
< balp = Dpadlis [ [Vl VITOP 4 bapiods /i [ (VoD%

<P [ IV + o [ 9o e [ v,
(4.45)

Then substituting J; in (3.20), J in (3.21) and J3 in (3.23) as well as Jy in
(4.45) into (4.43), we obtain

i / vope + 222D [ gupo-2givepp
/|v 2p- 2|D2v|2+91/ Vo2 (4.46)
Q

< cQ/ Vol + 63/ Vo2 4 c4/ V20D | A2,
Q o Q
Using Young’s inequality and (2.4), we can derive that

cz/ \Vv|2p+c;3/ \Vv|2(p_1)+64/ Vo2~ | A2
Q

< g LT e [ D2
3

< 7/ \Vv|2p—2|D2v|2—|—C5/ |DulPt! + g,
4 Jo Q
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which substituted into (4.46) gives

2pdt/ |W\2p+91/ Vol < 05/ | D*ulP* + co. (4.47)

Noting the boundedness of |[v(+,t)| L, from Lemma 3.3, we have
t+7 .
/ / |D2ulPtt < My for all t € (0, Thaz)- (4.48)
t Q

Then using Lemma 2.3 and noting (4.48), from (4.47), we obtain
IV, )|z < c7. (4.49)

On the other hand, we rewrite the second equation of system (1.1) in the
following:

—Av+v=-V-({vVu) + H(u,v,w), (4.50)
where H(u, v, w) := Fy(u,v)v — by Fo (v, w)w + (1 — 01)v satisfying
[H(w, v, w)l[Le < [[F1(u, v)v][Le + b2 || Fa(v, ww|[ e + (14 01) 0]l

4.51
< pr My + bapa Myy + (14 61) My = cs. (4.51)
Then applying the variation-of-constants formula to (4.50), we obtain
Vol £) =VeA-D-7),, g/ VeA-D-9Y . (uVu)ds
(4.52)

t
+ / VeA=DE=) Y (4, v, w)ds.

Using the boundedness of ||[Vu(:,t)||r~ (see (4.33)) and ||[Vu(-,t)||L2r (see
(4.49)), for p > %, we can derive that

||V . (’UVU)HL2P < Ccg + 010||Au||L2p. (453)

Next, we apply the semigroup estimates in Lemma 2.4, and use (4.51)—(4.53)
and (3.43) to obtain that

t
IVo(, 1)L < Ve D y( 1) pe + € / VAV (0Vu)|| Lo ds
t
+ / Ve @D H (0, 0, w)|| Lo ds
t
< ci1 +72§/ (1 +(t— 5)*%*@) e*(/\l“rl)(t*s)“v - (vVu)|| 2 ds
t
+7208/ (1 + (t — 3)7%) ef(A1+1)(t7s)d8
’ t 1 n
<ecn —|—’yz£cQ/ (1 +(t— 5)—5—@> e~ (it D(t=9) 4o

t
g [ (L4 (=8 ) eI Aoy ds

t
+’Y208/ (1 +(t— s)*%) o~ 1D (=) g

S C12,



NoDEA Boundedness criterion and global solvability Page 29 of 33 36

which gives (4.41).
Next, we shall prove (4.42). In fact, using the third equation of system
(1.1), we have

t
wleyt) = e = x [ BT 0w, o)
0

. (4.54)
—|—/ e(A=02)t=3) ) (4 w)wds.
0
For p > % and T € (0, Trnqz), we define
K(T):= sup |w(t)||Le- (4.55)
te(0,T)
Then noting p > 4, we can find constant 5 < g < p such that
1
1 n/1 1 i
———=|=== —1 and dp:= 4 0,1). 4.56
-5 (c-a)stad = te0n @)

P

On the other hand, due the assumption (H3) and the boundedness of ||u(-, t)|| L
(see Lemma 2.1) and ||v(+, )|~ (see Lemma 4.3), we can find a positive con-
stant cy3 independent of ¢ such that

[Gullze + llgollLe < 13,
which, together with the facts (4.33) and (4.41), gives
[wVé(u, v)[[La = [[w(PuVu+ ¢y Vo)||La < crsllw]La([[Vullzee + [Vl L)
< craflwllz % w] 7 (4.57)
< e1aMIT2 K% (T).

Then using Lemma 2.4 and noting the facts (4.56) and (4.57), from (4.54), we
have

lw(, )l r < v3llwollLee

< c15 + c16XK(T),
which combined (4.55) gives
K(T) < e15xK%2(T) + c16. (4.58)
Then we apply Young’s inequality to from (4.58) to obtain
K(T) < err(14X7%) := e,
and hence for p > 7 it holds
|w(-,t)||zr < ez forall t e (0, Thaz)- (4.59)
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Then using the boundedness criterion in Lemma 3.4, from (4.59), we derive

(4.42) and then it completes the proof of Lemma 4.4. O
Proof. Theorem 1.6 is a consequence of Lemmas 4.1-4.4. O
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