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Single-Train Trajectory Optimization
Shaofeng Lu, Member, IEEE, Stuart Hillmansen, Tin Kin Ho, and Clive Roberts

Abstract—An energy-efficient train trajectory describing the
motion of a single train can be used as an input to a driver guidance system or to an automatic train control system. The solution
for the best trajectory is subject to certain operational, geographic,
and physical constraints. There are two types of strategies commonly applied to obtain the energy-efficient trajectory. One is to
allow the train to coast, thus using its available time margin to save
energy. The other one is to control the speed dynamically while
maintaining the required journey time. This paper proposes a
distance-based train trajectory searching model, upon which three
optimization algorithms are applied to search for the optimum
train speed trajectory. Instead of searching for a detailed complicated control input for the train traction system, this model tries
to obtain the speed level at each preset position along the journey.
Three commonly adopted algorithms are extensively studied in
a comparative style. It is found that the ant colony optimization
(ACO) algorithm obtains better balance between stability and the
quality of the results, in comparison with the genetic algorithm
(GA). For offline applications, the additional computational effort
required by dynamic programming (DP) is outweighed by the
quality of the solution. It is recommended that multiple algorithms
should be used to identify the optimum single-train trajectory and
to improve the robustness of searched results.
Index Terms—Ant colony optimization (ACO), dynamic programming (DP), energy saving strategy, rail traction systems,
single-train trajectory.

I. I NTRODUCTION

D

RIVER guidance systems [1] or automatic train operation
[2] systems are able to take advantage of precomputed
train speed trajectories. Train trajectory optimization has already been widely studied using various algorithms. Generally, train running trajectory optimization can be categorized
into two types: coasting control and general control. Coasting
control optimization searches for the optimum train trajectory
by varying the coasting margin to use up the allowable time
margin. A genetic algorithm (GA) has been applied in the
search for the coasting points where the number of coasting
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points is predetermined [3]. The results demonstrate promising
performance of coasting control for the tradeoff between the
journey time and energy consumption. In [4], a GA was also applied to search for the coasting points. The number of coasting
points has been dynamically allocated into the chromosomes,
and this will enhance its practical application. In [5], some of
the classic search methods, i.e., golden search methods, are
studied in a simple single coasting point case supplementing
the study of GAs. Artificial neural networks and GAs have
been applied for the optimization of coasting points for trains
[6]. Rather than searching for the coasting point, [7] targets the
acceleration rate, the braking rate, and the remotoring speed.
The general control optimization derives the optimum train
trajectory by applying a variety of sequential control inputs, i.e.,
acceleration, coasting, cruising, and deceleration. This means
of optimization can be practically implemented in a straightforward manner because the control inputs are echoed by the
practical train operations. Optimum control theory is among
the widely applied techniques to obtain the optimum train
trajectory. The objective is to operate a train and to minimize
the energy consumption subject to time and other physical
constraints. The solution of the problem is obtained through
some linear approximation or some empirical extensions [8].
The Pontryagin maximum principle is the common method
used to compute the solution in cases where the input signals
are either continuous or discrete [9]. Because the methods using
optimal control theories can be integrated with the fast response
characteristics, they can be applied to develop online optimum
control systems [8], [10]. Dynamic programming (DP) has been
applied to search for the optimum trajectory with the minimum
energy cost [11]–[13]. In [14], multipopulation GAs, together
with the heuristic annealing selection, are applied to an urban
railway vehicle. It is argued that a multiple population search
improves the convergence rate and evolution stability.
However, it is not possible to obtain the analytical control
input due to the nonlinear characteristics of the rail system.
Some reasonable approximations should be taken to search
for the optimum control signal and resultant trajectories. For
example, in [8], the energy cost of the journey is assumed to rise
linearly with the journey time, which may become unrealistic
in practice. Some of the solutions in partial accelerating and
braking control cannot be guaranteed to be optimal due to
the singular characteristics of the train trajectory optimization
[15], [16]. In addition, the optimal solution is not guaranteed,
and convergence speed is uncertain in general in a numerical
method [17], [18].
In an attempt to avoid the nonlinear complexity arising
from the optimal control theory, this paper proposes a new
graphic model based on which more general optimization algorithms can be applied and studied comparatively. Two heuristic
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algorithms and DP are applied to search for the train speed
trajectory. The practical constraints are taken into account
including the timetable, traction equipment characteristics, train
operation speed limits, and gradients.
The study proposed in this paper focuses on the optimal
speed trajectory of a single train with various scheduled journey
times. The effects on the optimal trajectory imposed by other
trains in the railway network are out of the scope of this paper.
However, the searching algorithms are capable of accommodating situations where service disturbance is unexpectedly
imposed as long as the initial and final train speed and time
is known [19]. Broad readership can benefit from this paper in
the application of driving guidance systems and other dynamic
process optimization, such as network management, power
distribution, shipping routes, etc.
The content of this paper is organized as follows. In
Section II, the modeling procedure for the distance-based speed
searching space of optimum running trajectory will be introduced. In Sections III–V, three varieties of algorithms are discussed based on the searching space model. In Section VI, the
optimized train trajectory achieved from the three algorithms
will be discussed comparatively. Finally, a conclusion will be
drawn in Section VII.

Fig. 1.

Journey altitude and speed limit profile.

II. M ODELING C ONTEXT
A. Vehicle Motion Modeling
The movement of a railway vehicle is determined by a set
of physical constraints such as a journey profile, a speed limit,
and other vehicle-related factors. The general equation of train
motion, which is known as Lomonossoff’s equation, can be
written as follows:


2
d2 s
ds
d s
+ C 2 − M g sin(α) (1)
M 2 =F − A+B
dt
dt
dt
where F is the tractive effort or braking effort if applicable
within the adhesion limit; A, B, and C are Davis constants;
M  is the effective mass including rotary allowance; M is the
tare mass; t is the dependent element time; s instant distance of
the train; α is the slope angle.
A single-train motion simulator has been applied to calculate
the energy consumption and the time cost of train movements.
The energy consumption is calculated by the product between
tractive effort distance. The calculation has considered the train
characteristics, such as load and motor characteristics, and the
route information, including the speed and gradient profiles.
Further details about train energy and time calculation can be
found, for instance, in [20]–[22].
The vehicle traction system prototype in this paper is based
on the British Rail “Voyager” type. The speed and gradient
profiles are shown in Fig. 1, whereas the information about the
load and motor characteristics is shown in Fig. 2 and Table I.
B. Objective Function and Problem Formulation
This paper adopts distance-based modeling to simulate the
train motion and traction power consumption. The motion of
the train is calculated iteratively based on distance.

Fig. 2. Maximum tractive effort, resistance and acceleration curve of Voyager
type vehicle.

The objective of the train trajectory optimization is to search
for the speed for each position along the journey and to
minimize the energy consumption subject to the punctuality
requirement. The objective function to be minimized is defined as
Jtra = E(v1 , v2 , . . . , vn ) + P

(2)

where E is the energy consumption for the proposed journey
trajectory defined by a set of candidate speed v1 , v2 , . . . , vn
at the preset positions, Tsched is the scheduled journey time,
and Tsrch is the time cost for searched trajectory. P is the
penalty cost related to the absolute difference ratio φ defined
as φ = (|Tsched − Tsrch |/Tsched ). The definition of P is listed
in Table II.
The term “preset position” is used to describe the position at
which the speed of vehicle needs to be determined, as shown
in Fig. 3. The preset positions are classified into the following
three types:
• positions whose distance values are the multiples of the
proposed distance interval sint , e.g., S2 and S3 preset
positions in Fig. 3;
• positions at which the speed limits are changed, e.g., S5
and S7 preset positions in Fig. 3;
• positions for the beginning and the end of a journey, e.g.,
S1 and S11 preset positions in Fig. 3.
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TABLE I
K EY PARAMETERS FOR S INGLE T RAIN M OTION S IMULATOR

TABLE II
D EFINITION OF P ENALTY C OST IN T HREE A LGORITHMS

and time cost for each arc is calculated using a single-train
simulator, as discussed in detail in [20] and [22].
Some remarks are made as follows.
• Let EC denote the sparse matrix to store the energy consumption for a train switch from one node to the other.
EC(i, j) are set as zero for an unfeasible switch or a
braking switch between nodes i and j.
• Let TC denote the sparse matrix to store the time consumption when the train is switching between two nodes.
Otherwise, zero will be stored.
• Let ECH denote the sparse matrix to store the heuristic
energy consumption of every two nodes. ECH(i, j) are set
as zero for an unfeasible state switch between nodes i and
j, and |1/EC(i, j)| for connected nodes if otherwise.
• Let TCH denote the sparse matrix to store the heuristic
time consumption between every two nodes. TCH(i, j)
are set as zero for an unfeasible state switch between nodes
i and j, and 1/TC(i, j) for connected nodes if otherwise.
• Let LNK denote the linkage information sparse matrix.
The linkage information LNK(i, j) is used to indicate the
feasibility and desirability of the switch between these two
nodes.
III. A NT C OLONY O PTIMIZATION

Fig. 3.

Speed selection procedure in the distance based trajectory searching.

For each preset position, the possible speed should meet the
following constraints.
• At each preset position, the maximum speed is determined
by the “flat out” running of a train, during which the train
runs as fast as possible without violating the speed limit.
• Between two preset positions, the calculation of the train
trajectory is to use a minor distance step to calculate the
actual energy consumption and time cost.
The optimization procedure is to search a set of candidate
speed at each preset positions along the journey. Typical combinatorial optimization algorithms can therefore be applied.
To generalize the optimization procedure, a construction graph
covered in Section III is built to provide necessary information
for different combinatorial optimization algorithms.

A. Introduction
Ant colony optimization (ACO) is inspired by the foraging
behavior of the ant colony [23]. In ACO, a set of artificial ants
communicates and cooperates indirectly by pheromone to find a
solution to a discrete optimization problem. Each artificial ant,
as an independent agent, is allocated with the computational
resources by which it is able to leave the pheromone when
necessary to communicate with the other ants. The ant with the
good solution tends to leave more pheromone along their routes
to direct the other ant. Using this “learning enhancement” style
algorithm, the route with a better solution will finally attract
more ants to follow and finally lead to a convergence of the
optimization process. In [24], the max–min ant system, which
is one type of the ACO algorithm, is applied to optimize the
block layout for energy efficiency of mass rapid transit systems.
B. Solution Construction

C. Construction of Graph
A complete weighted and directed graph G = (N, A) is
constructed with a set of N nodes, which are the train state,
including the candidate speed and distance, and A being the set
of arcs connection between the nodes. The energy consumption

The original pheromone trail imposed for every two connectable nodes is constant clnk , as shown in Algorithm 1.
At each construction step, ant “k” chooses the next speed at
the next preset position based on a random proportional rule
[23]. Assume that the ant is currently at the speed index i, and
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the possibility of speed index j being selected for the next preset
position is defined as follows:
pki,j = 

[LNK(i, j)]α [ECH(i, j)]β [TCH(i, j)]γ
n∈Ωk
i

[LNK(i, n)]α [ECH(i, n)]β [TCH(i, n)]γ

(3)

where LNK(i, j), ECH(i, j), and TCH(i, j) are defined in
Section II-C. α, β, and γ are the parameters to determine
the relative influence of the pheromone trail and the heuristic
information, and Ωki are the feasible neighborhood of ant “k”
being at node i. If the train is not running quickly enough, γ
will be set at a higher value to attract ants to choose the less
time cost switch. If the train is running too fast, β will be set at a
higher value to attract the ant to choose a more energy-efficient
node switch. α remains constant in this case. More details on
determining the parameters can be found in [25].
Each artificial ant is able to decide which is the next indexed
speed for the next preset position, and finally, a resultant journey can be constructed, showing the speed of the train at each
preset positions. The quality of the solution will be evaluated
using objective function (2), and the pheromone trail will then
be updated based on each constructed solution’s quality. One
of the key functions in the update procedure is to reinforce the
better solution through imposing more pheromone trail.

C. Pheromone Update and Termination Condition
The pheromone trail matrix is updated using the output of
(3). A generalized update procedure is adopted for a group of
artificial ants.
Use na to denote the number of ants in a group. Let np be the
number of preset positions. Use SOL to denote the constructed
solution matrix in which each row element is a trajectory
solution. An element in a row is the index of each node at each
preset position. The number of elements in each row is equal to
np . Use EVAL to denote the 1-D matrix to store the evaluation
function output for each row of constructed solutions. Let UPD
denote the update vector to update the pheromone trail.
The update procedure can be divided into two parts. The first
part is illustrated in the pseudocode shown in Algorithm 1.
Algorithm 1 ACO Part I: Obtain the update vector UPD for
each constructed solution in SOL
Require: evalmin ← min(EVAL)
for i = 1 to na do
eval = EVAL(i) − evalmin
UPD(i) = 2 · clnk · exp(−eval)
end for
Note that min is the function that is used to obtain the
minimum element from its input vector. exp is the exponential
function. The second part is illustrated in the pseudocode shown
in Algorithm 2.

Algorithm 2 ACO part II: update the pheromone trail matrix
LNK using UPD and SOL
LNK(ri , ci ) ← (1 − ce )LNK(ri , ci )
for i = 1 to na do
for j = 1 to np − 1 do
ri ← SOL(i, j)
ci ← SOL(i, j + 1)
LNK(ri , ci ) ← LNK(ri , ci ) + UPD(i)
end for
end for
The best solution searched so far, i.e., solbsf , will be stored
and updated by the new solution if a lower evaluation function
output can be achieved.
The termination condition is set by two criteria. First, the
number of groups of ants exceeds the maximum allowable
number. Second, solbsf keeps unchanged for a selected number
of iterations.
IV. G ENETIC A LGORITHM
A. Introduction
The GA as a population-based optimization does not require
gradient information on the objective function and only uses
the output of the function to guide the search for a better
solution. As mentioned in Section I, GA has been reported
as the successful candidate algorithm in various train running
trajectory searching applications, and the simulation results
shows its robustness in this area [3], [4], [7], [14]. Here, the GA
will be used to search for the characterized speed at each preset
position using the modeled strings i.e., genotypes. Each string
is modeled as a characterized signal for current speed jump.
B. Genotype Generation
To apply the GA, two important steps should be implemented:
• generation of the population of strings (genotypes);
• creation of a fitness function to distinguish the better
strings.
Note that, for each candidate speed at each preset position,
the speeds in the neighborhood have a range. Various characterized operations can be identified through the speed switch.
At each section between two adjacent preset positions, a
control index number is allocated. Assume that the speed at the
former position is vi and that vj is the speed at the latter one. It
is assumed that vj ∈ [vmin , vmax ], where vmin and vmax are the
minimum and maximum possible speed levels of vj . i and j are
the unique index number for both speeds. Let vee denote such
speed that switches from vi in a most energy-efficient operation
with ECH(i, j) = ∞, and let vc denote such vj for a coasting
operation with ECH(i, j) = ∞.
For the control index number of “0,” the most energyefficient state switch will be selected. For the control index of
“1–7,” six speeds in the range of [Vmin , Vmax ] will be selected
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TABLE III
N EXT S PEED S ELECTION BASED ON THE C HARACTERISED
C ONTROL I NDEX N UMBER

Fig. 4. Schematic GA optimization of train running trajectory. Given a string
of control index, a trajectory solution is derived and it can be evaluated using
the objective function as a fitness function for GA optimisation.

using the methods shown in Table III. The control index number
of “7” is the cruising operation of the vehicle if the speed is
allowed to be kept in the next preset position.
Assume that there are M strings in the initial population,
and N preset positions along the journey. The schematic GA
optimization procedure is shown in Fig. 4.

V. DYNAMIC P ROGRAMMING
A. Introduction
DP [26] is a powerful tool to solve a problem that can
be divided into various substages. In our case, the trajectory
searching can naturally be divided into subintervals of distance.

B. Optimization Process

Fig. 5. States generation procedure in the DP algorithm.

DP is proceeded forward iteratively, as shown in Fig. 5. All
the vehicle states are developed from the initial one, which is
the original point in this graph. For the first step, the states will
be created from the initial state using the index control signal
mentioned in Section IV. The index control signal for cruising
operation is not available for the first step. One of the examples
for the second step is also presented, which should be applied
for all the other created states from the initial state.
After the initial state has been created, two operations should
be performed iteratively.
State Generation: Each of the states should be used to
generate the next state, unless the preset position in the current
state is equal to the final preset position. Take the initial state as
an example. According to the philosophy of the characterized
control index, assume that the current control index is u1 ; thus,
the following can be derived:
u

Let us make the following definition first.
Vehicle state φ consists of four basic physical elements:
vehicle distance s, vehicle speed v, used journey time t, and
used energy consumption since the vehicle sets off from the
initial state where s = 0 and v = 0.
Vehicle state can be expressed in an array form, i.e.,
φ = [s, v, t, e].

(4)

Let φo denote the initial vehicle state, and obviously, the
following equation should hold:
φo = [so , vo , to , eo ] = [0, 0, 0, 0].

so →1 s1
u

vo →1 v1

(6)
(7)

where s1 will be the preset position right after so , whereas v1
is determined using the method shown in Table III. The time
and energy cost due to the distance and the speed switch can
be found in the sparse matrices TC and EC. Assuming that the
time cost is tc and that the energy cost is ec , we have
t1 = t0 + tc

(8)

e1 = e0 + ec .

(9)

(5)

According to the hypothesis, each vehicle state must have
one of the preset positions as its instant distance.

New state s1 is thereafter produced based on its parent
state so . Each of the newly generated states is able to remember
its parent state using the indexing method.
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Fig. 6. Optimized journey trajectories using ACO under different journey time
conditions.

Elimination of Duplicate States: It is important that each of
the states is accompanied with minimum energy caused so far
since the state so . Duplicated state elimination occurs any time
that there are two states with identical d, t, and v. The state with
more energy cost will be therefore eliminated.
To reduce the actual number of generated states in the
searching space, further action is taken to confine the actual
searching space. The vehicle state that is outside of the admissible area will be ruled out from the searching. A simple
heuristic is adopted: The instantaneous position of the train
should not be significantly different from a position defined by
the average speed [11]. Accordingly, we define the upper bound
and the lower bound for the journey time cost at various journey
distances.

Fig. 7. Optimized journey trajectories using GA under different journey time
conditions.

Fig. 8. Optimized journey trajectories using DP under different journey time
conditions.

C. Summary
DP has been applied to search for the optimum journey
trajectories in terms of augmented vehicle states routes. By
dividing the searching procedure into different subintervals, DP
is able to obtain the minimum energy cost for vehicle switching
from its original state to the current state by eliminating the
same states with more energy cost. An admissible area for the
DP search has been adopted to reduce the total searching states.
Any state that stands outside of the admissible area will be
ruled out of the searching procedure. The concept of admissible
area relies on the heuristic that, for a feasible solution of train
trajectory, the instant position of a train cannot vary too much
from the position defined by the average speed.
VI. R ESULTS AND D ISCUSSION
The key simulation results are shown here. First, trajectories
for various scheduled journey times, i.e., 2200, 2800, and
3400 s for ACO, GA, and DP, are presented in Figs. 6–8.
For journeys with considerable journey time margin, both the
ACO algorithm and the GA fail to find a smooth trajectory.
There is no extended cruising phase, and often, there is a
considerable difference between the maximum and minimum
speeds in the central part of the journey. These are clearly not

Fig. 9. Best and mean objective function output for journey time of 2800 s at
each generation for ACO.

good solutions. The DP, on the other hand, performed better
with a more constant cruising speed below the line speed limit.
Figs. 9 and 10 show how the objective function output
evolves with the generation for the journey time of 2800 s.
The journey time cost versus energy cost curves for different
scheduled journey times are compared among the three algorithms. The journey time cost ranges from 2100 to 3500 s with
an interval of 100 s. These curves are shown in Fig. 11. Note
that each mark in the figure shows a combination of the journey
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TABLE IV
C HARACTERISTICS C OMPARISON B ETWEEN T HREE A LGORITHMS
A PPLIED ON THE J OURNEY W ITH S CHEDULED T IME
OF 2800 s FOR 15 RUNS

VII. C ONCLUSIONS AND S UMMARY
Fig. 10. Best and mean objective function output for journey time of 2800 s
at each generation for GA.

A. Overview
In this paper, methods for single-train trajectory optimization have been discussed. Choosing the sequence of control
operations is a problem that requires a nontrivial solution. By
approximating train running trajectory over a relatively short
distance, the search for the sequence can be turned into the
procedure of determining the speed at different preset positions.
A sparse storage model is proposed. Two heuristic algorithms
including the ACO algorithm and the GA are applied based on
this model. DP is also used to search for the target speed, and
the simulation results are demonstrated and discussed.
B. Conclusions

Fig. 11. Journey energy cost versus time cost curves using different
algorithms.

time cost and energy cost for a simulation. The shape of the
mark distinguishes the type of algorithm.
When the journey time constraint is small, all three algorithms perform well; however, it was only possible to reach
a solution for 2100 s using the DP algorithm, because the
others both failed to converge. At journey times greater than
2800 s, the performance of the GA significantly decreased.
More heuristic information is used in the case of the ACO,
and the algorithms’ performance remains more stable than that
of GA. It is demonstrated that an optimum solution is not
guaranteed for heuristic algorithms, and the performance of
heuristic algorithms can be significantly affected by searching
space.
DP on the other hand is able to obtain the best solution among
the three algorithms, but it requires significantly more computational resources. Since any combination of current used journey
time, current used energy, and current distance implies a unique
state in the searching space, the computational complexity
becomes enormous. Such an algorithm demonstrates its robust
searching capability, even at lower journey times, e.g., 2100 s.
However, the algorithms based on the random Monte Carlostyle selection have the possibility of never finding a suitable
solution.
Table IV shows a comparison of the characteristics between
the three algorithms.

• The solution to the optimum train trajectory cannot be
solved analytically, and numerical methods must be used.
• The performance of the three methods has been contrasted
and compared. It was found that DP performed better than
both GA and ACO. Under certain circumstances, the GA
performed quite poorly and failed to converge onto a good
solution (particularly for large journey times). It may be
possible to tune the search algorithm, but without comparative results from alternative methods, it would be impossible to determine the existence of better solutions. ACO
depended on strong heuristic information and performed
adequately for most of the journey time allowances. It also
arrived at a solution significantly quicker than the other
methods.
• For those cases where the solution space becomes small,
both the GA and ACO failed to converge on a solution.
• In general, it is recommended that more than one method
should be used to identify the optimum trajectories because it is often possible to converge on a solution that
is plausible, yet nowhere near optimal.
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