High-Order Soliton Solution of Landau—Lifshitz Equation

By Dongfen Bian, Boling Guo, and Liming Ling

The Landau—Lifshitz equation is analyzed via the inverse scattering method.
First, we give the well-posedness theory for Landau-Lifshitz equation with the
frame of inverse scattering method. The generalized Darboux transformation is
rigorous considered in the frame of inverse scattering transformation. Finally,
we give the high-order soliton solution formula of Landau-Lifshitz equation
and vortex filament equation.

1. Introduction

The Landau—Lifshitz (L-L) equation [32]
S, =8 xS, Sx,t)=(S,8,5) eR, §-5=1, (1)

describes nonlinear spin waves in an isotropic ferromagnet, where the symbols
T and x mean the transpose and vector product respectively, S(x,7) is
magnetization vector. Setting S = y, and integrating (1) with respect to x, we
can obtain another relative physical model—vortex filament equation (VFE) or
localization induction equation

)71 = J_/)x X J_/)xx’ )7 = ()/x7 )/y, VZ)T’ (2)
which is the simplest model of dynamics of Eulerian vortex filament, where
space vector y(x, t) represents the vortex filament, x is the arclength parameter,

t is time. The model (2) was first derived by Da Rios, a student of Levi-Civita,
in 1906 [37], and rediscovered by Arms and Hama in 1965 [4]. The model (2)
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also can be used to describe the flow of superfluids [39], to investigate the
turbulent fluid [9,44] and high-temperature superconductors [12].

It is well known that the inverse scattering method [1,5,23] is a powerful
method to solve the cauchy problem of nonlinear integrable partial differential
equation. In the past 40 years, the inverse scattering method had made great
development in the field of mathematical physics. Initially the inverse scattering
transformation utilizes Marchenko integral equation to reconstruct the potential
function [23]. Afterwards Shabat used Riemann—Hilbert problem (RHP) to
reconstruct the inverse scattering method [41]. In the last century, nineties,
the RHP method had made important progress. For instance, the Deift—Zhou
method [15-17] and initial-boundary problem [20,21].

In the case of KdV equation, the poles of discrete spectrum must be
simple, because the Lax operator is self-adjoint. However, to the focusing
nonlinear Schrodinger (NLS) equations, the corresponding Lax operator is no
longer self-adjoint. Thus it allows high-order pole, which corresponds to the
high-order soliton. The scattering data are demanded for simple pole in the
classical paper of Beals and Coifman [5]. Several years later, this restraint was
removed by [40] and [49], respectively. However, they didn’t give the exact
soliton formula. The exact high-order soliton solution for NLS equation was
given in [22] by the dressing method. The general soliton formula for NLS-type
equation had been constructed by Shchesnovich and Yang [42,43]. And, the
high-order transmission coefficient by the Marchenko equation method was
considered by Cohen and Kappeler [11]. Recently Aktosun et al. consider the
high-order soliton solution of NLS equation with inverse scattering method
by Gelfand-Levitan-Marchenko equation [3]. The exact second-order soliton
solution of L-L equation was obtained by bilinear method in 1990 [6]. Besides
the high-order pole, another interesting problem is the infinite pole and infinite
soliton. To the best of our knowledge, the concept of infinite soliton was
first provided by Zhou [49]. The explicit infinite soliton solution for KdV
equation was rigorous and established by Gesztesy et al. [24]. The infinite
soliton solution of NLS equation is obtained by Kamvissis [31]. Besides the
high-order pole and infinite pole, the spectral singularity is also an obstacle to
the inverse scattering method. This problem was first solved by Zhou [49] via
the deformed RHP.

As well as the inverse scattering method, the Darboux—Bécklund
transformation is another powerful method to derive the multisoliton and other
interesting physical solution. There are several methods to derive the Darboux
transformation: for instance, state space method [25,35,38], the loop group
method [46], and gauge transformation [26,34]. The relation between different
versions of Darboux—Backlund transformation had been indicated by Ciélinski
[10]. Generally speaking, the Darboux transformation is merely a way to obtain
the soliton solution in soliton theory. However, it has other utilization also.
Deift and Trubowitz combined Darboux transformation with inverse scattering



High-Order Soliton Solution of Landau—Lifshitz Equation 183

method for the Schrédinger spectral problem [14]. In this work, we would like
to inherit their idea. The Darboux transformation can be used to deal with the
initial boundary problem either [13,21]. Besides, the Darboux transformation
can be used for the analysis of orbitally stability property of soliton as well [36].

Finally, we recalled some results of L-L Equation (1). In 1977, Takhtajan
used inverse scattering method to derive the two-soliton solution and infinite
sets of constants for the first time [45]. The gauge equivalence between
NLS equation and L-L equation was obtained by Zakharov and Takhtajan
[47] in the frame of inverse scattering transformation. Indeed, this gauge
transformation is another version of Hasimoto transformation essentially. The
generalized Hasimoto transformation was rigorously considered with tools of
differential geometry in [8]. Recently, Calini et al. considered the spectral
stability property for soliton and periodical solution of VFE [7].

In this work, first we prove the global well-posedness for L-L equation with
initial data in space H>'(R) without discrete scattering data via RHP method.
Second, we handle generalized Darboux transformation [27,28] in a rigorous
way with the frame of inverse scattering method. Via this method, the global
solution and the general soliton solution formula of L-L equation is obtained.
What need alludes is, for the evolution of discrete scattering data, we use the
evolution of eigenfunction replaced with the proportionality coefficient. In this
way, we can readily deal with the evolution of high-order spectrum.

This paper is organized as following. In Section 2, we give the scattering and
inverse scattering analysis for L-L equation. To establish the well-posedness
theory, we combine the gauge transformation and inverse scattering method.
In Section 3, we give the Darboux transformation in the frame of inverse
scattering. In Section 4, the explicit general soliton formula of L-L equation is
constructed. The final section includes some discussions and remarks.

2. The scattering, inverse scattering, and well-posedness theory

It is well known that the KdV, MKdV, sine-Gordan, and NLS can be obtained
from the AKNS hierarchy [1] by some symmetry reduction. The symmetry
reduction is called the reality condition [46], which is also the solvable
condition for the RHP. Thus in this section, we first recall the symmetry
condition. Then we give the scattering, inverse scattering analysis, and gauge
transformation theory to L-L equation.

The focusing NLS

ig; + qux +2191%¢ =0 3)

is the second flow of su(2) (the fixed-point set of the involution o (y) = —yT,
where superscript “1” represents hermite conjugation) hierarchy, and turns out
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to be a compatibility condition for the following linear system

O, = V(N)P, V(L) = —2ir’03 4+ 210 —i(0* + 0.)o3,
here Q = (_,4., “%"), superscript “*” represents complex conjugation, and o3

is standard Pauli matrix. It is readily seen that the matrices U(X) and V(1)
possess the reality relation UT(A*) = —U(A) and VI(A*) = =V ()).
The L-L Equation (1) can be rewritten as

5= 505,50 S€AOQ). [4,B]=A4B— B )

where

s S
A0Q2) ={S|$* =1,S=S",and trS =0}, S = :
st -5
St = S Fis,

is also located in the su(2) hierarchy. Equation (5) can be rewritten as the
compatibility condition for the following system

U, = —iASW, (6)
U, = W)W, W)= —2ir>S + 1SS,.

It is ready to verify the reality condition WT(A*) = —W(X). The coefficient
matrix of system (4) and (6) possess the same reality condition. Besides this, a
gauge transformation can be related between these two linear systems, this
fact was found by Zakharov and Takhtajan [47].

The aim in this section is to solve the cauchy problem of (5) with initial data

S(x,0) = Sp(x), IS0 € H"'(R), (7

where | - | stands the matrix or vector norm |A| = (trd"4)"/?, H“(R) is the
weighted Sobolev space

HY' (R) = {f1f. fo. x[ € L*(R)},
and boundary condition

lim S = o3. (8)

|x|—o00

Notation: We denote ¢24%. = ¢% . ¢7 3,

2.1. Scattering problem for spectral problem

The spectral problem for L-L Equation (5) is the first equation of (6). If we
directly analyze the spectral problem (6), similar reason as the derivative NLS
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equation [33], it is not convenient to analyze the asymptotical behavior of
analytical solution. Thus we use the gauge transformation. First, we establish
the following lemma:

LEMMA 1. If S € AO(2), then S can be decomposed into S = gozg!
uniquely, where g satisfies g'g = I, gjcg + crggi goy =0, lim,, o g(x)=1.

Proof: We use the linear algebra method to construct the matrix g directly.
Because matrix S is a unitary matrix, it can be diagonalizable. Using simple
algebra, we can see that the eigenvalue of S is 1. Then S can be decomposed
into

S = goexp(ifo3)o; exp(—i@o@)gg, 9)

where 6 is an undetermined real function and

1+ 5 S~
2 V2(1 + §7)
g0 =
ST 1+ 5°

V21 + 5%) 2

To satisfy the condition gig + a3giga3 = 0, we can adjust the function 6.
Directly calculating, we have

[efi903gg]xgoei903 — efiéadm (gg’xgo) — 16,03,

and

SES7 4 S-St 1/ s
201 5) 2\ T T s
0.,80 =

1 (S+ S*Sﬁ:) §7857 4SS

2\ 1+ 2(1+ §7)

If we demand

S St SIS

S8y — S¥SY
0, = that is, 9, = X

21+ 87) 21+ 89

then g satisfies the condition gl g+ 03 gi goy = 0. Finally, to satisfy the
condition lim,_, _, g(x) = I, we take

X Srs)){’_ X QY
0(x) :/ &d‘g
e 201+ 89

This completes the proof. ]
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Furthermore, we have

. 0 ¢
g;gEQ,Q=( )

*

1/, S _ / SESY — §*SY
g==\S — — Jexp|i < —ds ],
2\ 1+ s e 1+ S

and 4|q]> = (S%)? + (SY)* + (S7)>. Via the relation S = gosgf, we have
S, = glos, Q]gT, and S,, = g([o3, O:]+ [[03, O], Q])gT. It follows that
4(1q: 1 + 41g1*) = (87,)* + (S71)* + (57,)*. Then ones obtain g(x) € H"!(R).
In addition, because lim,|_, o S = 03, we have
lim g' = g, = diag(a*(0), a(0)), a(0) = &+,

X—>+00

As a byproduct, we can obtain a conservation law. Indeed, we can see that
limy | o0 go = I. It follows that lim,_, | g = exp[if(4-00)o3], that is,
/*-i-oo SYSy — Svs)){’

e ds = 2arg(a(0)). (10)

Via the gauge transformation ® = g/, we have
. = (—iros + Q) (11)

which is a standard AKNS spectral problem. Thus it is convenient to make the
scattering analysis. To write spectral problem (11) as the integral equation, we
make the following transformation ®*(x, ) = m™®(x, t)e **%. Associated
with asymptotical behavior, we have

X

mB ;) =1 —|—/ e I OB dy = T+ Ko j am™.
+o0

The properties of the above Jost solutions can be summarized as following:

PrOPOSITION 1 ([2]). Suppose Q € L'(R), then (m(l_), m(2+)) is analytic in the
upper half plane {)» € C|Im(X) > 0}, and (m(1+), m(z_)) is analytic in the lower
half plane {) € C|Im(X) < 0}. And, they are all continuous on the real line.

Proof:  First we prove

~ 1 x (1 0 0 a0\
(e ry — (GO
m, (x,A) = (0> +/OO (0 eZi(x_y)A> (_q*(y) 0 )ml (y,)")dy
(12)

has a unique analytic solution in the upper half plane. It is readily obtained
that the estimation from (12),

m O] < 1+ / 1011m V(s )ldy. (13)
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To prove the solvability of (12), we iterate the series as following:

+00
m7G ) =g+ Y ga(xih), (14)

n=1

: ) 0 4(»)
80 = (0) » o 8kl = /_OO (_q*(y)emuy) 0 )gk(y)dy.

We can see that

where

106 1)) < / 100)Idy.

it follows that

1 x k
g )l < o ( / § IQ(y)Idy>

From the above estimate, the series (14) converges uniformly in the upper half

plane, thus the solution m(l_) is analytical in the upper half plane and can be
continuous extended to the real line. In addition, we have an estimation

Im 7 (x; 2| < exp </_ IQ(y)Idy) :

Via the inequality (13) and the Growall inequality, the uniqueness is proved.

We have the parallel results for m(lﬂ , m(zi). This completes the proof. W

COROLLARY 1. If|S;| € L'(R), then the Jost solution W* for spectral problem
(6) can be obtained as W~ = gm'™) exp(—irxo3), U = gm Mg exp(—irxo3).
Let n'™) = gm™ and n™® = gmFPg.., then n'® possess the analytic and
continuity property as m™®. Finally, we have g = m ) (x, t; A = 0).

Proof: The first two arguments are direct results from above propositions.
The last argument is valid for the existence and uniqueness of ODE. |

In the following, we analyze the scattering matrix. By the Abel formula, we
have det(m®)) = det(n'®) = 1. Thus we can define a matrix function 4() for
real A with det(4(})) = 1 and

. a()  —=b*(0)
mH) = () p—irxado; A, A) = , (15)
b(x)  a*(r)
where
a(X) = det (m(]+), m(z_)) =1- qu(y)m(zT)dy =1- qu*(y)m(l;)dy,
b(A) = e~ 2ixh det(m(l_), m(l+)) — f‘Rq*(y)e—ZiAym(l‘;‘)dy — ./]R q*(y)e—Zi}\ym(lT)dy‘
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It follows that 4(0) = g and
n™) = nOem 4% 4, (1), (16)

where nY) = gm®g ., n7) = gm™) and 4,(1) = A(L)gs. In summary, we
describe the above process with the following arrow diagram

scattering

(W, S(x,0)) 5 (@, O(x,0) " — = (A1), 4(0) = g5)) -

According to the above propositions, we can obtain that A(A) — 1 € H*(dA)
[50]. It follows that we can define a solution m normalized as x — +00:

*0 k) —1
my = (m, m$P) ((a (KO ) 10) om0
m= 17)
1 0
m_ = (m(lﬂ, m({)) ( _1> , Im(A) < 0.
a

Then we could have the following decomposition:

my =m_e ¥y ) e R, (18)

where my = mHe Wadosy, y = =1y,

10 1 =)
vy = s v = s
roy 1 0o 1

I R AT O W (0D
B r(}) 1 A0

To complete the RHP, we need the boundary condition [5]
m — [ as A — oo. (19)

Thus Equations (17)—(19) constitute the normalized RHP (see [18]) with
the constraint 7(0) = 0. The similar manner, we define m, = m[a*(1)]*,
and m_ = m_[a(A)]"%. The solution m is normalized as x — —o0. And,
M, = m_e *P(N), D(A) = a®v[a*]". Accordingly, define

ny =\, n")diag(1/a;(2), 1), Im(x) >0,

A
n= aj(A) = &.
G INCON a(0)
n_=(n, ', n, )diag(l, 1/a;(r)), Im(X) <0,
Then we have the RH problem for n.
ny = n_e My oy = 8M +8oo, (20)
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where

_ Il @i b
”“( " 1)’ "=y M0

However, in this case, when A — 00, n — gg. Thus this RHP is not
a normalized RHP (see [18]). For convenience, we merely consider the
normalized RHP (17)—(19).

When m has no spectral singularities, the scattering data can be represented
as

{m, e—i)nxaddgv()\), = R, e—i)»xadtnv)\, c VA” )\'/ c P} , (21)

where {v,/, A € P} is the discrete part of the scattering data [50]. In the next
section, we would like to deal with the discrete spectrum by generalized
Darboux transformation. Thus one can set P = . In this way, it is convenient
to consider argument contour. The Zhou’s method [49, 50] deals with the poles
by adding small circle centered at the poles. The spectral singularity is solved
by reconstructing a new RHP on I' = R U S,. However, when the poles are
located in the inside of S,. It is not convenient to define the new RHP. If we
deal with poles or high-order poles by the generalized Darboux transformation,
that problem will avoid automatically.
To describe the general case, we first consider the following equation:

(D m$) =1+ / e 900 0Py, mOoNdy,  (22)

X0

where xo = —oo for the (1, 2) and (2, 2) entries, xo = +oo for the (1, 1) and
(2, 1) entries. For the entry (2, 2) of (22), using (15) we can obtain

1 0 X
(mi" my”) = ( . m) + / eI 00 (m{(w), mS () dy,

where x; = 400 for the (1,1), (2,1), and (2, 2) entries, x; = —oo for the
(1, 2) entry. It follows that

1 0 X
(m(1+), mgf)) (O a(k)_1> =7+ /, e*l(xfy)kadog Q(y)(m<1+)0/), m(zf)(y))

1 0 q
X .
0 a()! 4
Similar, we can obtain

kg k\—1
o o (T 0
m; ', m
o) 2)< 0 1
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X ) k¥ —1 0
= +f e R 0D (y), mY (1) (a (0) 1) dy.

’
—X;

Finally, we have

X

ey =14 [ gy, @)
—x(sgn(Imh)

which is the Fredholm integral equation. Hence by the analytical Fredholm

theorem, it directly induces that solution m is meromorphic in C\R.

The following results were similar as [50], thus here we merely give the
main step and results.

Let xo € R be such that |g|;1([x,+o0)) < 1. Using (23), we have a bounded
solution m? normalized as x — o0 for the potential Q x(x, +oc)- This solution
does not have poles and spectral singularities. On the other hand define a
solution

X0 .
m(l) -7 _/ e—l(x—y)kadog Q(y)m“)(y, k)dy,

and another solution for Q(x)
m(z)(x’ 1) = m(l)(x’ )L)e*i(xfxo))»ad(’zm(O)(xO’ 1).

This solution is consistent with m® at x = x,, because of the existence
and uniqueness property of ODE. It follows that m® is normalized as
x — +00. Because m'" is entire in A and m©(x,-) € AH¥(C\R), then
m®(x,)— I € AH*(C\(RU Sg,)), where AH*(Q) denotes the space of
functions analytic on Q with H k boundary values, Sz, = {|A| = R, |A| =r}
for some R > r > 0.

Because a approaches 1 as A — oo and a(0) as A — 0, they have no zero
near A = oo and A = 0. Hence we use m near A = oo and A = 0, and m®
elsewhere. Set I' = R U Sg,, where Q2 = Q; U Q4 and Q_ = Q, U Q3,

Qi ={AIm(}) > 0, |A] > R,or |A| <r}, Q4={A]Im(}) <O0,r <|A| < R},
and
Qy={AlIm(}) < 0,|A] > R,or |A]| <r}, Q3={AlIm(})> 0,7 < |A| < R}.

Deﬁne m=m on QU m=m? on Q3UQ, It follows that
e Moy — m~'m, . Then we have the following theorem which can be
established as the work of [50]

THEOREM 1 (Zhou, [50]).
(C1) The matrix v admits a triangular factorization v =v_'v,, where
vi— I € HY0Q4), Vilaq, — I (Vilaq, — 1) is strictly lower (upper)
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triangular, and v_|yq, — 1 (V_|lsq, — 1) is strictly upper (lower)
triangular.

(C2) There exists an auxiliary scattering matrix s such that s~ 'vs, = v_'v,
for some invertible matrices V+ € I + H"(9Q+) with v+ having opposite
triangularities of V.

(C3) The RH problem (e~***%vy T) is solvable for all x € T.

Because the symmetry property O = —(Q, then
m(x; Mym'(x; 1) = 1, mO0c; ymOT(x; 1) =1
it follows that
m(x; )m'(x; 1%) = 1.

Using this and the fact that the contour I" is Schwarz-reflection-invariant with
the orientation, we have the symmetry condition of v is

v(h) = vi(W). (24)

This symmetry condition keeps the solvability of RHP [48].
Therefore we have established the scattering map

S: Sox = v(A), H"' - H)'= H ' n{v(0) = 1). (25)

Following [18,50], one can establish the following theorem. Because the proof
is similar as [18,50], we omit the explicit proof.

THEOREM 2. If So, € H"', then vi — I € H,'".

2.2. Inverse scattering

Suppose the scattering data are given, we can resolve the potential function Q(x).
For convenience, denote w, = e **24%y, Indeed, the RHP vy, [ =R U Sg,)
is equivalent to the integral equation problem

p=I+Cy.p,  Cy.pu=Ciuer —DH+Cruld —v,),
iAxadagvi’
1 S(©)
Crf=— | —=dc,
rf 2mi /F =X ¢

A¢TD, w=m"). The symmetry condition for RHP (v,,I' =R U Sg,)
guarantees the existence and uniqueness of RHP [48].
Once this integral equation is solved, m can be constructed through

where v, = e~

m=17+ (/wl_‘/JLefix)Ladag(V+ _ V,) (26)



192 D. Bian et al.

and

. ado
0 =iadosmy, = 5B w(Vyr — vy )dA,
T r

where we denote m =17+ my /A +o(l/A) as A — oco. From simple
calculation, we have the RHP

M, = M_e ™v(h), My =my,+ir[o3, ms] — Omo.

Together with M. € dC(L?) [18], we have M. = 0.
To prove the well-posedness of L-L Equation (5), we construct the gauge
transformation

g(x) = m(x; 1 = 0)' = diag(a(0), a*(0))m ™ (x; 1 = 0)'. (27)

It is readily seen that g(x) is an Hermite matrix, that is, gg! = I. And, the
boundary condition is

lil;n g(x)=1, and lirf g(x) = diag(a(0), a*(0)). (28)

PROPOSITION 2 ([47], ZAKHROV-TAKTAIAN). If q(x) belongs to H''(R)
and satisfies the boundary conditions lim|y|_,« q(x) = 0 and scattering data
restraint r(0) = 0, g(x) satisfies Equations (27) and (28), then the function

S(x) = g(x)osg' (x) satisfies the boundary condition (8), and | S,(x)| € H'(R),
W satisfies the spectral problem W, = —i\SW.

If we expand » in the neighborhood of 0, that is,
n= gmv_l(O) =1+nA +0(A2),
then we can resolve
S=o03+1in,. (29)

Via this resolvent formula, one can obtain a compact formula. Indeed, mv~'(0)
satisfies the equation

(mv~"(0)); = —ir[o3, mv~'(0)] + O@mv~'(0).
Then we can expand mv~'(0) in the neighborhood of 0:
mv~'(0) = g7 + amy(x, £) + 0o(A?),

wherem; , = —i[o3, g7 ']+ Om,.Togetherwithn, = gm,wehave S = go*ggT.

Similaras[18,50], together withthe fact4|g|* = :S'f and4(|q,|*> + 4lq|Y) = g‘fx
and Sobolev embedding H'(R) — L*(R), we can establish the following
theorems:

THEOREM 3 ([50], ZHOU). Under the conditions

e r e HNI), r(0) =0
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e Wr(1+ |r|2) = 0, W stands for the winding-number constraint,
and RHP (v, T")is solvable for all . € T, then we have |S,| € L*((1 + x?)dx).

THEOREM 4. In addition, if vo — I,V — I € Hol’l, then |S,| € HV!.

Thus the above theorems establish the local existence and uniqueness
theorem for L-L Equation (5) in H"! without discrete scattering data. If the
initial data |S,(x,0)] € H"! are without discrete scattering data, then the
solution S(x, ¢) is existent and unique in the local part of = 0.

2.3. Time evolution and global well-posedness without discrete scattering data

Up to now, we proved L-L Equation (5) is in global existence and unique in
the space H'!(IR). To obtain the time evolution for scattering data, we use the
time evolution part of Lax pair (4) or (6). However, the gauge transformation
between two linear systems had been established in Ref. [47]. Thus, we merely
need to analyze one of them. We still analyze the time evolution part of
Lax pair (4). We know NLS Equation (3) is equivalent with the following
compatibility condition

U, — V. +[U, V]=0.

Differential spectral problem (4) with ¢, together with compatibility condition,
we have

(®F — VF), = UL)N(DPF — V).
For arbitrary ¢ € [0, 00), by asymptotical analysis we can obtain
m® = —2ix’[o3, mMP] + 240 — (0 + Q.)o3]m™. (30)

PROPOSITION 3.  The evolution of the continuous scattering data is given by
the following equation

A, = —2ir*[o3, A].
Proof: Suppose we have
m Dm0 =y (Dmikxas g3y
By the Lebesgue dominated convergence theorem, it follows that
A) = lim 4oy,
x—>—00
It is readily seen that
eikxadg3m£+) — 2303, €M7 (D] 4 X325 0 — (0% + 01 )a3)m D]

Taking the limit x — —oo both sides, we obtain

A, = —2i)*[o3, 4],
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which completes the proof. |
Thus the RHP (18) becomes

m, = miefi)u(erZM)adog U()\.) (3 1)

And, r(r, 1) =r(x,0)e** € H}''(R). Thus scattering data persists the
solvability property. It follows that the global existence and uniqueness of L-L
equation (5) without discrete scattering data are proved.

In the following, we consider the discrete scattering data evolution. First,
we rewrite Equation (30) with the following equations:

(DFe ), = V() (DTe ), (32)
(@5 241, = V() (D5 2.
We know the discrete spectrum A; corresponds L? eigenfunction
O (x,0;h) =y P, (x,0;1;), A; € C_. (33)
It follows that
O (x, t;0)e” 2005 =y ®; (x, t;)»,-)em?’.

If the discrete spectrum is multiple algebraic spectrum, we have

1 (dY dy
ﬁ(ﬁ) (@ (. 0:2)] = %(ﬁ) (@3 . 0:2:)] (34)
J By j—k
+ 2;(] k),< ) [®; (x, 0;,)],
j=12,...,r

First, we can obtain the following equation:

j—1

1[4 (q)+ 721‘%21) _ in:Cl V(%) d <q>+ —m%)
jLan \71e T AV Y d I \TTe ’

(35)

where Cé. = ] 1)' On the other hand, we have

J/z [;;J <d>; 2i22 )]t ch (dk’ 40 )) <j)f—/—l/ <q)2e2ikzz>>,

Bik =t
G — ! [dm—k <q)2€ >

t
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j—k

IBi,k d d’ k=l — 2iz2t
=7 5 () (e (0:)

j=12,...,r;, it follows that

[—< I

t

P

- v | (o) T P (o)
L1 [ d yi A

t (WV@ [(j—mm(q)ze“ )

j—l

dj—l—k 52
+ (CD‘el ’) )
— _ —k—1 2
 (j l)'d)d

By mathematical induction and existence and uniqueness of ordinary differential
equation, we can obtain the time evolution relation

1 d/ i - d/ . J B: di—k o
[ﬁﬁ (q>1+e “%)} [V‘ dr (CDZ ezm>+,§ ( —kk)! dri—k (CDZ ¢ AZ[)}

(37

3. The discrete spectrum and Darboux transformation

In this section, we use the Darboux transformation method to delete or add
the discrete spectrum of L-L spectral problem (6). To derive the Darboux
transformation for L-L Equation (5), we first give the Darboux transformation
of NLS (3).

3.1. Darboux transformation of NLS

The Darboux transformation for NLS is well known for us, we can readily
establish the following theorem:
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THEOREM 5 ([10,27,46]). Assume we have N distinct parameters \y, A,
..., Ay € C_ and the corresponding special solution matrices |y1), |y2), ...
|yn), then the Darboux matrix can be represented as

(1] ]

(12l
Tv=1—=[ly), 2, ooy M=) ||,

| (ywl
where C_ represents the lower half complex plane
M ( (Yi|Y_j>*>
)‘j —A; I<i<N,I<j<N
S = diag()q, )»2, ey )»N),

’

and |y;) = (m(1+>(ki), m({)()»i))efik"“’3 C;, Ci =, —y)" is a nonzero column
vector.

LEMMA 2. The matrix
M= ( (yilyj>*)
Aj =4 NxN
is a nonsingular.

Proof: Similar as Ref. [30]. |

Indeed the essence of Darboux transformation is a kind of special gauge
transformation. An important step is to find the seed solution for original spectral
problem. Suppose we have a fundamental solution ®(A) = (®(1), V(1)) of a
spectral problem (11), the high-order Darboux transformation can be construct
as following arrow diagram:

(P, W) Toll]
®y(A1) € Ker(To[1])
((D[l] \p[”) (1]
P @ [1](0) € Ker(TH[1])

where W' = Ty, @l = [(T5[1]®1), + B1 To[1]1%1]15—s,. 81 is a complex
constants. We can see that the parameters 8; is not convenient to calculate the
exact solution. Indeed, we can absorb the parameter 8; into ®;. We need the
following lemma:

LEMMA 3. Assume @ is a seed solution for (11) at A = Ay, and T is the
Darboux transformation by ®,, W, is another linear dependent solution with
D, then TV, is uniquely determined module a nozero constant.



High-Order Soliton Solution of Landau—Lifshitz Equation 197

Proof: The Darboux matrix is

A=Ay @ 0!

T:[+ )
A —Aj @i@l

directly calculating, it follows that
det(V;, @ 0 1
TV, = M D,
D D, -1 0
However, by the Abel formula, det(\W;, ®;), = 0. This completes the proof. B

By the above lemma, we can see that the new seed function @,[1] does not
depend with exact form of W;. Thus we can choose function W, arbitrarily.
Thus, ®[1] can be rewritten as

o — lim T[] + ENDP (A1 + &) +EBYI(A +§))
1 _Sﬁo S )

Generally, we can obtain

N—-1
Ty[1]--- Ti[1](As + &) (dwl +E)+ ) EBVIL +s>)

i=1

[N—1] .
o} = lim
1 £E—0 stl

REMARK 1. In Refs. [27,28,30], we use the relation

N-1 ' N-1 4
[exp (Z aisﬂ =1+ &8,
i=1 [N—=1] i=1

where the symbol [y_;) represents the Taylor expansion truncate from &V
And, §; can be determined by S; through elementary Schur polynomial. When
the spectral is branch spectral, ones need to make small modification to the
above polynomial [27,28,30].

THEOREM 6. Generalized Darboux matrix

Ty =[]70L N=)_r,
i=1 i=1
where
. o I M=o\
T[l]:T;‘j[l]]—;’i—l[l]”'TO[l]’ T][l]: I+—PI 9 j:1s2""9ri’

[yi, ) (il

Toli]=T[0] =1, PV = ,
Vi jlyvij)
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i (T[] DG + &) [T, TIml( + &)
yl,j> - glil}) 5_1‘71

Jj—1
<|J’i> - kaﬁi,ﬂxi)) ;
k=1

and Bio=0, |y)= be()»i +&)—vi®, (A +8&), |xi) =D, (A +&). The
function ®T[N](1;) is L*(R) eigenfunction for spectral problem L® = L O,
where L = i03(0, — Q[N)), CI>+[N] Tn® 1, and

s

O[N]= Q0 +i| o3, ZZI:()‘? — P

i=1 j=1
And, the eigenfunctions satisﬁ/ the following relation:

1 l
L4 Ny, = X

FY i 5 o D

j—k

J
Bix d - |
———— (O, [NDlj=., 7 =1,2,...,ri,
+;(J_k)' dk/—k( 2[ ])lA,)Ll j -

where @, [N] = Ty®,. By above relations, its imply that dw(dﬁ[N])IA =2
are the generalized eigenfunctions and belong to space L*(R).

Proof: The generalized Darboux transformation is constructed in Ref. [27].
In the following, we derive the properties of eigenfunction. First, we expand
the following function:

j—1 +o00
Ty(hi +£) <|yl-> - Zs"ﬂz—,ux,—)) = Ol
k=0 k=0

where
1 d* Vi
Qk=EW(QT[N])|A=/\,- i d)J‘(CD [NDl=2,
k
B dT
— —— ——— (DS [N)D]nzs.,
g(k_ o1 2 (@2 VDl
and k=0,1,...,7, — 1. By the construction of generalized Darboux

transformation, we can obtain Q; = 0.

Because ®[N](A;) — 0 exponentially as x — +oo and &, [N](A;) — 0
exponentially as x — —oo, we can deduce that ®[N](A;) € L*(R). This
completes the proof. |
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THEOREM 7 ([43], LEMMA 4). The above Darboux matrix can be represented

as
_ Yﬁ
Y]
Tv=I-[Y. Y ..., Y |M'D ,
Y]
where
i 1
Y, = | |z:), |z:)D, |z,-)<’f—‘>] , D =diag(D,, D,
| (ri = 1! £=0
p— 1 —
0 e 0
P
1 1
0
D= | A=A A—A7
1 1 1
O S A—Ar
ALYt S VIR
MU g2 Lyl
M = ,
i MU a2 o0 pylss] ]

and symbol ) means the derivative with respect to &,

ri—1

Z/E)) = yi(hi +6) + Y E Bralxih + ),

k=1
MU — (M[ij]

my”)r[xr‘, ’
i 1 ot ! (zilz))
T m— Dl n — 1) 0T AEF ) A — A+ & — &

Proof: Directly calculating, we can obtain

t
det(M)) M Y|
Ty — D)y = ——— 2 M, = ,
(T = Du det(M) : [ Y, 0

L] DS)’
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where Y; means the /-th row of [». ». ... »]. Taking the limits with respect to
& — 0 from above formula, we can obtain the results. |

The above theorem we obtained through generalized Darboux transformation
is consistent with the Lemma 4 in Ref. [43]. In the following, we consider the
relation between Darboux transformation and scattering data.

ProOPOSITION 4. The Darboux matrix Ty transforms the scattering data
{a(X), b(1)} into

(@), bO; A y (M), Bisds

where

a(A.)—-a(A.)H(A =) (38)

b(hi) = b(h).
Proof: Direct calculating, we obtain
a(n) = det (m'" m; ),
b(n) = det(m' Ve, m\De ),
It follows that the Darboux transformatlon
Ty (m(1+) ) — (,171(+), ;ﬁ'z(—))

gives the first equation of (38). By symmetry relation, we have

0 1 0 1
(+) () 4 sy yk (=) )
= m; (M), m; = — my (A
m {_4 0}( o0y, ml [_1 0}( Do)y
It follows that

- . 0o -1 0o 1
T, mS?y = (O, ™), m:[l O}WQﬂ[l J-

By Theorem (6), we know that Ty is determined by spectral parameters A;, y;,
Bi.r. Furthermore, we have

1 0 (A k*)’ 0
Iy — o i =xa\" | Ty — | i NP ,  x—> +o00,
il(k—kﬁ‘) 0 1
- (A—k,—)r’ 0 1 0
Ty — | i N A T, Sosa—a\i |, x—> —oo.

, Iy — 7
(=)
0 1 i \A =4
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It follows that

b(k) = lim det(Tym' e ™ Tym'\Pe ") = b(1). ]
X—>+00

The above proposition can be considered as adding the zeros of the scattering
data a(A). The inverse process is to delete zeros of scattering data a(X), which
can be established in Refs. [19,29].

3.2. Darboux transformation of L-L equation

The Darboux transformation for NLS was constructed earlier in detail.
On the other hand, as we know, the Darboux transformation is a special
gauge transformation. Based on these ideas, we could construct the Darboux
transformation for L-L equation by combining the two gauge transformation
mentioned above.

To give the Darboux transformation with a linear factional transformation
or a simple element L_(GL(2, C)), we use the loop group representation [46].
If matrix functions ®* satisfy

®F = (—iros + Q)

lim ®* = exp(—iro3x),

x— =00

then such ®* will be called the trivialization of potential function Q at £oo.
Similarly, if matrix functions W satisfy

UE = —iASUE,

lim W* = exp(—iios3x),
x— =00

then such W* will be called the trivialization of function S at +oo0.

THEOREM 8. Let S satisfies the boundary condition (8), and W* are the
trivialization of S at £00, respectively, and 1 is the projection of C*. For each
x € R, set

T:I—I—él il T = L
§_§1

’

Then

—~ A
S = Di(S + 2Im(¢))m,)D; !, D, = diag (A—l 1) (39)
1
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is the global solution for L-L equation defined on R?, and
Ut = DT, o T*( o ' w;)Dy !,
U™ = Dy(ocT*(\)o "W, Tw;)D;!

are the trivialization of S at +oo and —oo, respectively, where

:<(1’ ‘01).

Proof: Suppose the analytical matrix ®_ = (®], ®;), &, = (], ®7).
The elementary Darboux transformation for spectral problem (11) is

A —h DD
T—:I+1—*1 _'l_ 17 T+=0Tj()"*)o_1s
A —A] cp{(pl
@1 = (@ (h1). D, )1, =y ().
By the above Darboux transformation, we can obtain D= (d>+, d> )=T-9_,

®, = (P, D) = T, @, Itfollows that B+ = (O, ) and D~ = (¥7, B7)
are the tr1V1ahzat10n of

Q=Q+1()“1_)“l) 03, ¥ P
ol o,

at o0, respectively.
On the other hand, by gauge transformation, we obtain that

U™ =gd, W' =gdtdiag(a*(0), a(0)),
are the trivialization of S at 400, respectively, where g = [®~]'|,—o. And,
U~ =30, U'=gddiag@ (0),a0)),

are the trivialization of S at +00, respectively, where g = [Eﬁ*]Tl,\zo and
a(0) = x1/27a(0), the function § we will be given in the following. To
obtain the relation between S and S, we use the following analytical
function:

=¥, ), V=T, ).

It follows that

Y . A _
g = diag (a(O))L—i, 1) [CD?_|)\:O, o, Ix:o]T (T,Th:o)
1

= Dig(T [,—).
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Together with the above equation, we have
Vo =2 [®7(a(0), &5 ()]
= Dig(T'=0) T_g'w_Dy"
=D\ Tv_D; !,
where
Wy = g(@F, &)1, —y ()
= (W (), Wy (M) (@(0), =y (i)

Then we can obtain
S =D (S+i( - ¢)m,) D
Then, U# are the trivialization of S at +00, respectively. Finally, the estimation
| <1
implies that the solutions are global for (x, ¢) € R?. |

We define the matrix 7 as the Darboux matrix of L-L Equation (5).
In the following, we consider the N-fold Darboux transformation for L-L
Equation (5). We give the following theorem:

LeEMMA 4.  The N-fold Darboux transformation for L—L equation (5) can be
represented as

(0l ]
R (y2]
TN:[—[|y1>’ |y2>s"~’ |yN>]M71(€_D)71 . ’

L (vl

where|y;) = (¥, (&), ¥ (A))(a(0), —y:)" sarespecial solutions of Lax pair (6)
at A = A, Vi EC,

’

M= (()’ib’j)*)
C]’ - é‘i I<i<N,I<j<N

and

D =diag (¢f.¢5. ... ¢}) -
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Proof: The N-fold Darboux transformation can be constructed by N times
iteration of Darboux transformation, that is,

Ty = TIN]T[N —1]...T[1],
where
o= Wi — W[ — 1]
¢ =g \IJ[z—l]T\IJ[z—l]
Wili =11 =T[ — 1T =2]... Ty le=-

Because of the residue of /Y:N, we can write the above Darboux transformation
Ty with the following linear fractional transformation:

N
P;
=7 ,

where P;s are 2 x 2 matrices with rank equals 1. Thus, we can suppose
P; = |x;){(y;|. Because P;s are uniquely determined by the iteration, thus if
(yi|s are determined, then |x;)s are uniquely determined.

On the other hand, we know

Tl =1+

- —T*(c)—1+2 _{

By the residue relation of ?N?_l = I, we have

;) +Z|xl y’_|yé —0, i,j=1,2,...,N.

In addition, because Rank(T ~v(&)) = 1, we can suppose

Ker(Tw(5)) = yi) = (W] (L), W5 (A)))(@(0), —yi)" .

By simple linear algebra, we can obtain the N-fold Darboux transformation for
L-L equation. This completes the proof. |

In the following, we consider the high-order algebraic poles for the scattering
problem. Similar as the above section, we can obtain the following theorem:

THEOREM 9. The generalized Darboux matrix for L-L Equation (5) can be
represented as

Ty=I1-YM 'DY',

where
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D = dlag(D]a D29 ey DS)’

e .
0 e 0
A=A
—A? —AAF
0
Do— | =2 L= AF
—)? —A? —AF
LA =AYy (= Ay A=A
Y VL R Vit
MR 220 pyl2s]
M= :
| MU pB2 L pglss] ]

and

ri—1

2:8)) = 130 + ) + Y E Bislxi(hi + 6)),
k=1

i1 — [i/]
MY = (Mm,]n)r,»xrj ’
e ! ! (z:(E")lz,(8))

(m — Dl — D& =1 aE)" (A, + &)~ — (A +£97

and symbol ) means the derivative with respect to &, the transformations
between the field functions are

(SN = S, +i( Au ) Ay = det Moo (40)
kIl — Okl det(M) xa kl — Y[k] 0 5

where |x;) is the linear dependent solution with |y;), Y[i] denotes the i-th row
of the matrix Y and the subscript y; represents the k-th row and I-th column
element.

By simple linear algebra, we can obtain the following compact soliton
formula:
det(My;)
det(M)

(SINDw = S +i ( ) C My=M—YUTYIR. @)
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REMARK 2. [Integrating the above expression,

/ (SIN Dy = / Sud +i (d(f;:(z‘j;’)) _ 1)  Mu=M— YUY
“2)

it follows that the soliton formula for VFE (2)

J*[N] = Re ( / (S[N])lzdx> ,
Y [N] = Im ( / (S[N])lzdx) ,

VAINT = / (SINDdx.

Finally, we give the transformation between (V_, S) and (W_[N], /S\[N D
W_ — W_[N]=DyTy¥_Dy', (43)
S — S[N] = DyS[N]D;",

where (V_, S) represents wave function and potential function without discrete
scattering data, (W_[N], S[N]) represents wave function and potential function
possess discrete scattering data and

Dy = diag (]_[ (i—) , 1) :
i=1 N
Because Dy is a trivial gauge transformation, we omit it in the process of
obtaining exact solution. R

And, the Darboux matrix 7Ty is determined uniqueness by the parameters
Ai, ¥i» and i and is nonsingular for (x, #) € R?. By the transformation (43),
if S is globally existent and unique, it follows that Dy S[N ]D]:,1 is globally

existent and unique. Thus the global existence and uniqueness of the L-L
Equation (5) is proved.

THEOREM 10. [If
So € {S|Sx e H'' S e 40(2), | llim S = 03} ,
X |[— OO

then the solutions of L—L Equation (5) are globally existent and unique.

4. High-order soliton solution

In this section, we consider the high-order soliton solution for L-L Equation (5).
The mixed rational and exponential function solution (or high-order soliton)
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is obtained. Besides, we give the explicit expression for high-order soliton
solution of L-L Equation (5) and VFE (2).

For the classical integrable L-L. Equation (1), the single soliton or the
N-soliton and the interaction of N-soliton have been studied in detail by
the Riemann—Hilbert method [19]. In our case, we derive the Darboux
transformation of L-L Equation (5) by the gauge transformation. With the
Darboux transformation, we obtain a simple generalized soliton solution
formula for L-L Equation (5).

Single soliton can be generated by Darboux transformation from the vacuum
solution. In this case, there is no reflection coefficient. Then the RHP (26) can
be solved evidently, that is, m = /. Then we have Q =0 and S = o03. To
obtain the pure soliton solution, we use the Darboux transformation to yield the
discrete spectrum. The vector functions W;" and W, can be represented as

. efi)»x - 0
\Ijl - 0 ’ ‘-112 = ei)Lx ’

and a(0) =1, y(t; 1) = —cle‘m%’. Then the standard single soliton for L-L
Equation (5) can be obtain by formula (39), that is,

Y8 St =(5)" 44
o ) sT=en (44)

where
2

2b
§SF=1- msechz(/l), A = 2b(x + 4at + x),

= azz—szeiBsech(A)[btanh(A) + ia],
B = —2ax + 4[b* — a*1t — ¢.
By definition
In ¢
 2Im(h)’
It follows that the single soliton of VFE (2) are

a=Re(r), b=Im(A)), xo= @ = arg(c1).

y* = az_wsech(/l) cos(B),
y = az_wsech(/l) sin(B),

b
y:i=x— m(l + tanh(4)).
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To obtain the high-order soliton solution, we first give the following lemma:

LEMMA 5. If A(§) possesses the series expansions
+00
AE) =) vk,
n=0
then we have the following series expansions:

AB)AE)
—m+E-9) kl—klzz Z Z

n=0 m=0 \ j=0,i<j,i=0,j—i<n—m

OGS g
(A — A=/ '

(45)

Proof: Indeed this lemma can be proved by directly calculating. To be
convenience for reading, we give the details of calculating:

AEAG) = *”(s—é)k
—Mm+E—8) A (ZV )(Zy§>2 A=

n 0 }’l:O k:O

+

— 1 ~ gn—k E_é ¢
- o (D ;(A.I_M)

n=

1 &Y 1 /
- - 5. lgj—I
A=A Z , (()\1 — A/ ,Zyly] s

n=0 j=0 =0

+

n—j
Z(_l)n—j—kc’llc_jék%.n—j—k>

k=0

400 n n m
— _1\r—Jj—(m—i)
A=A ;Z (()\1 — A Z ( Z =D

m=0 \i=0,i<j,j—i<n—m
n m

m—i mgn—m
XC Vl)/j lé g: ))
n=0 m=0 \ j=0,i<j,i=0,j—i<n—m

( l)n —j—(m— t)Cm /l)/z)/] ; Smén_m -
(A1 — A .

+oo n
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LEMMA 6. The expansion

o0
B(§) = (i + §)e OO0 = % Tpgl =0 fi + B,
i=0

00 o0 i
C(&) = (h1 + E)el P FOT2HON g1 N 5606 =Y e + fio).

i=0 i=0 k=0
where
5 P
_m(x+ler)z o (=1) B om0,
R @2t (=)
ﬁ[ = 3 2]+1 ( 1)n—j+11871—j
—1A1(x+2A1t)Z . , k=2n+1,
“Q2j+ D! (=)
o’/ Ign J
_1A1(x+2A1l)Z (2 T )' k=2n, n=>0,
J)-n—=j
pi =] s Q2H g
71 xX+2A11
1 1 2(2]+1)|(n—])' k 2n +1

B1=0 B =0 a=i(x+4r1) and B = 2it.

Proof: By simple algebra, we have
(A + §)e PFOUF2NTEN — om0 | £) (cosh(ag) + sinh(ek)) .
It follows that we can obtain the expansion. |

By above two lemmas, we have expansion

B(S)Tsw C(§)C(§)
=M+ E -8

M_M ZZAM nE"E",

n=0 m=0

(46)

where

m (_l)n*_/*r71+zcn1 l(ﬂlﬂj l+88] l)

Am,n—m == Z Z ()\1 — )\1)” 7

j=0,i<j,i=0,j—i<n—m
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and

My = _ 2 A
ST aEmER A — i+ G —8)

m+k

wrimjom—i BB + 88
Z Z ( 1) C’”Jrk /()\. _)\‘1)m+k j

Jj=0,i<j,i=0,j—i<k

otk (B@%M@)Ts))
E=0

XI—KI

Then we can obtain the following theorem:

THEOREM 11. The N-th order soliton solution of L-L Equation (5) and
VFE (2) can be represented as

SN ! det(M?#) (M -
[ ] =141 (d t(M)) - ( kom — ﬁkﬁm)lgk,mSN’
= (Mk m)1<k m<N> (47)
S [N] (d(;;i?fw))) T = (Mk,m - Sk,Bm)lSk,mSN~
and
. B det(M™) .
y*[N] =Re ( det(M) 1) , (48)
_ det(M™) .
yY[N] =Im ( det (M) 1) , (49)
det(M?)
v = ( dei(M) 1) ’
respectively.

By the above formula, we can readily obtain the high-order soliton solution
for VFE (2) equation. Specially, we take parameters A; = bi, y = 1, and
P11 = ¢ +id, then we can obtain the second-order soliton solution for L-L
equation (1) and VFE (2):

—4[cosh(2 bx) + b(2x + d) sinh(2 bx)] cos(4b’t) — 4b(8 bt — c) cosh(2 bx) sm(4b2t)
2b%(d +2x) + 228Dt — ¢)? + cosh(dbx) + 1
—4[cosh(2 bx) + b(2x + d) sinh(2 bx)] sin(4b*t) + 4b(8 bt — c) cosh(2 bx) cos(4b2t)
2b%(d +2x)* +2b%(8 bt — ¢)* + cosh(4bx) + 1
. 2 ( N sinh(4 bx) —2b(d + 2 x) )
b 202(d +2x) + 228Dt — ¢)? + cosh(@bx) + 1
S =yl S =yl S =y

x

~
II
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Figure 1. (a) Second-order soliton for L-L equation $° and VFE y*, y”, and y°. Parameters
M=, y=1,6.1=0 (b)t=—4m, (c) t =0, and (d) t = 4r.

§ (C) 0 K d) 4?

0 x /r-*" PR AL AR
“%;nz“ v i ‘““203 0603 0
X x ¥
I’ ¥ Y Y

Figure 2. (a) Fourth-order soliton for L-L equation S* and VFE y*, y”, and y°. Parameters
M=i,y1=18,1=0,8,=0,and B;3=0: (b) t =—4m, (c) t =0, and (d) t = 4nm.

Finally, we give the dynamics of L-L Equation (1) and VFE (2) by plotting a
picture. The second-order soliton solution and fourth-order solution are showed
with special parameters (Figures 1 and 2). It is seen that high-order soliton
possesses the similar structure as multisoliton solution. The difference is that
the velocity of high-order soliton is no longer a constant.

5. Conclusion and discussion

In conclusion, we analyze the L-L equation by inverse scattering method and
generalized Darboux transformation. The generalized Darboux transformation
[27,28] is a general version for the Darboux transformation in [10,46]. These
results are self-contained. Besides, we remark that the general soliton solution
for VFE (2) can be readily obtained by our formula (40). We intend to research
the long-time asymptotics of high-order soliton in a subsequent publication.
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