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Abstract

In this paper, we consider a two-component derivative nonlinear Schrodinger
equation and present a simple Darboux transformation for it. By iterating
this Darboux transformation, we construct a compact representation for the
N-soliton solutions.
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Mathematics Subject Classification: 35Q55, 37K10

1. Introduction

The nonlinear partial differential equations with multi-soliton solutions have been studied
extensively. They are often widely applicable in physics and thus constitute very important
equations in mathematical physics. The celebrated examples include the Korteweg—de Vries
equation, sine-Gordon equation and nonlinear Schrédinger (NLS) equation and many others
[1]. These systems, known as soliton or integrable equations, are also very rich in mathematical
properties and the whole subject is closely related to other mathematical branches such as
differential geometry, algebraic geometry, combinatorics, Lie algebras, etc [4].

Since integrable systems have remarkable mathematical properties and numerous physical
applications, their generalizations or extensions have attracted attention of many researchers.
One possible direction is the multi-component generalization. This sort of extensions may also
be physically interested. The most famous example might be Manakov’s two-component NLS
equation, which now is one of the most important equations in theory of pulse propagation
along the optical fibre [2].

Another interesting soliton equation is the derivative nonlinear Schrodinger (DNLS)
equation

igr = —qux + 2 ie(q*q)s,

which appeared in plasma physics (see [11, 14]), describing Alfvén wave propagation along
the magnetic field. This equation was solved by inverse scattering transformation by Kaup and
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Newell [9]. Much research has been conducted for it and many results have been achieved.
We mention here that a simple-looking Darboux transform, obtained independently by Imai
[7] and Steudel [15], enables one to get its explicit N-soliton solution. The two-component
extension of the DNLS equation was constructed by Morris and Dodd [12]. It reads as

iqu = —qi + 2iel(1q1 > + 121D q1 s, (1)
igor = —qaxx + 2iel(1q11* + 1q219) 215, )
where € = =£1. The system is relevant in the theory of polarized Alfvén waves and

the propagation of the ultra-short pulse. It was studied by means of inverse scattering
transformation [12]. More recently, Hirota’s direct method was developed and in particular
two-soliton solutions were constructed for this system [8].

In the subsequent discussion, we take ¢ = —1 for convenience. The system (1)—(2) has
the following zero-curvature representation:

¢, =UD, 3)
D, =V, 4

where ® = (41, ¢2, $3)7, ¢ is the spectral parameter and

U=Ux*+Uy, V=0 Vi V4o
with
-2i 0 0 0 1 ¢ -9 0 0
U2 = 0 i 0 5 U] =\n 0 0 . V4 = 0 0 0 5
0 0 1 rn 0 0 0O 0 O
0 3¢1 3¢ —i(riq1 + r2q) 0 0
V3 = 37‘1 0 0 , Vz = 0 ir|q1 ir1q2 .
3r, 0O 0 0 irg) irng
0 igic + 3(riq +rg2)q1  igac + 3(r1q1 + 12g2) o
Vl = —ir1x+§(r1q1+r2q2)r1 0 0
—iry + 3(riq1 + r2q2)r2) 0 0

Then a straightforward calculation shows that the compatibility condition of (3)—(4) leads to
a system which reduces to (1) and (2) under the condition r;| = —¢q; (k = 1,2).

The purpose of this paper is to construct a compact representation of the N-soliton solution
for the two-component DNLS equation. We shall take the Darboux transformation approach.
Indeed, the original Darboux transformation, which is associated with the Sturm—Louiville
equation, has been generalized to many other differential and difference equations. It turns out
that this approach often leads to elegant representations in terms of determinants for solutions
of nonlinear systems and thus constitutes an ideal method to construct N-soliton solutions (see
[3, 5, 6, 10]). In particular, Darboux transformations for certain multi-component integrable
equations have been studied in [13, 16].

The paper is organized as follows. In the next section, we construct an elementary
Darboux transformation for the general system (3)—(4), which naturally induces a Darboux
transformation for the related conjugate system. Then, we combine two Darboux
transformations together and find a two-fold Darboux transformation, which turns out to
be the appropriate one for the reduction we are interested in. The reduction problem will
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be tackled in section 3 and an elegant Darboux transformation will be given there for our
two-component DNLS equation. In section 4, we iterate our Darboux transformation and give
N-soliton solutions for the two-component DNLS equation in terms of determinants. The final
section includes some discussions.

2. Darboux transformation in general

We now consider the general linear system (3)—(4) and manage to find a Darboux
transformation for it. Our strategy is to find an appropriate Darboux transformation such
that it can be easily reduced to the two-component DNLS case. To this end, we start with an
elementary Darboux transformation

a

=T

with the Darboux matrix 77 = ¢ Ty + Tjo. After some calculations and analysis, we find that
T, has to take the following explicit form:
at ¢ ©
Ti=1c bl ct], &)
cy dt et
where a, b, ¢, d and e are the functions of (x, #), while ¢y, ¢;, ¢3 and ¢4 need to be constants.
For convenience, we make the assumption

Cl=C3=1, C2=C4=0. (6)

Since Tr(U) = 0, Tr(V) = —9i¢*, we may assume

é—2
det(T)) = ¢ (F _ 1) , )

1
where ¢; is a complex constant. Thus, the Darboux matrix 77 is singular at { = ¢;. Next we
associate the entries of 71 with a special solution of our linear systems (3)—(4). To this end,
taking (@1, @2, ¢3)7 as a corresponding solution of the Lax pairs at ¢ = ¢; and requiring

$1
Tile=q, | 2| =0, (8)
¥3
we obtain
a:—&, b:_¢1+§1Q2¢3, c=—0 d:—ﬁ, e=1. )
&1 12 ©2

where Q; is a potential: Qs , = g».
Now we have the following.

Theorem 1. Let (@1, @2, ¢3)7 be a particular solution of (3)—(4) at ¢ = ¢, and the matrix T,
be given by (5) with entries defined by (6) and (9). Then T, is a Darboux matrix for the linear
system (3)—(4), namely & = T\ ® is a new solution of (3)~(4). The transformations between
fields are given by

. (q1902 + q203 — 3i1901) 2 . (o1 +3i5102)e1 + (g2 — 1193)81 Q201
q1 = 5 ) r = 3 )
@1 %)
. (ri@z — r@2)s1e1 N (0291 + 93q2 — 3i81901)81 0200 — G212
r = 5 ) q2 = ) )
<P2 {l‘ﬂ]

where hatted quantities are transformed variables.
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Proof. What we need to do is to check that the equations

T.+TU=0T, T, +TV=VT,
hold, where
U=1¢0,+¢04, V=0a+ OV + 20+

and 171, \73, Vz and f/l are U, V3, V,, V| with the corresponding entries ry, 5, ¢, and g
replaced respectively by 71, 7, §; and §,. Checking can be done by direct calculations. [

Remark 1. It is interesting to note that under this Darboux transformation, we also have an
alternative representation for 7,: d, = 7».

To proceed, we note that the two-component DNLS equation also has the following Lax
pairs:

-, = WU, (10)
—W, = WYV, (11)

where W = (¢, ¢2, ¢3) and U and V are the same as above. This linear problem actually is
the conjugate problem of (3)—(4). A simple but useful observation is

Lemma 1. If the matrix T is a Darboux matrix of the original linear system (3)—(4), then
T is a Darboux matrix of the conjugate linear system (10)—(11).

Proof. Direct calculation. O

Now we consider the conjugate linear system and its Darboux transformation. The
analysis goes as in the case of the original linear system. Taking (xi, x2, x3) as a special
solution of the system (10)—(11) at ¢ = ¢, and constructing the matrix

ac 1 0
L=\|1 bt ¢}, (12)
0 d¢ ¢
where
a=-X2 oy xreRx L B Gk (3
$ax1 fax2 X2
and
Ry x =12,
we have

Theorem 2. The matrix T, defined by (12) is an elementary Darboux matrix of the conjugate
linear system (10)—(11) and the transformations between the field variables are given by

- qixi+3inxixe + LxiRAq1 X — x2q2) . (rix2+rx3)x —3ibxix2
q1 = 5 ) ry = B} )
X2 X1
5 (BiRaEF — ) xix2 — Lx2Ra(rix2 + r2x3) p (@1X3 — 2x2)52x1
2= ) 2= .
Xt X
Proof. Direct calculation. O

Similar to remark 1, we have
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Remark 2. An alternative formula for d is cfx = rp. Thus, d=d.

Finally we may have a combined Darboux transformation in the following manner: we
take a particular solution ®; = (g1, @2, 93)T of (3)—(4) at ¢ = ¢; and a particular solution
(X1, X2, x3) of (10)—(11) at ¢ = &. Then, with (g1, @2, <p3)T we may use theorem 1 and
have a Darboux transformation whose Darboux matrix is 7. At this stage, (x1, x2, x3) 18
converted into a new solution Wy = (X1, X2, X3) = (x1, X2, X3)T1_1|;:§2 for the conjugate
linear system. This solution, with the help of theorem 2, enables us to construct a Darboux
matrix 7, and take a Darboux transformation for the conjugate linear system, which in turn
induces a transformation for the original linear system. Schematically it looks as

T, . T

)
seed : D, seed : W,

It is now easy to find the explicit formulae. Indeed, the three components of W, reads as

P

P[1].

. 08x101 + 5 X0 + E X0

T G-

22 = CEx191 + 152002 + L1802 X303
(&F = &) 7

23 = C1(G1x101 + L2 X292 + SaX393) 01+ ey
(¢t =)o &

Using this seed solution, we find that the functions appeared in 75 in the present case read
e + Lx92 + L2x393)

a= :

L1 (L2 x191 + S1 X292 + C1 X393)
N Q1(618X191 + 87 X202 + 65 X393)

¥2 01502 (C1 X191 + E2)202 + L x393)
2 .2
G —0,+ (& — &g 7
a0 (Lixen + Lxer + Lx3¢3)

d=-%.

¥2

2
The Darboux matrix we are seeking, 7' = T2_1 T, after removing an overall factor @fﬁ is
—52

ag*—1 c1g &34
T = e3¢ be? —1 ct? , (14)
cal dc? et?—1
where
o= oy D (15)
8182 Dy 618, Dy $185, D
O G g;%)xm’ P 5212))(2(/73’ a6)
6165 D, 8185 Dy
oo @ —tee (G- Dee an
8152Dy 815Dy
o (¢ - 412))(1(!)2’ . (¢ - 4“3))(1903’ as)
$1852D> $1852Ds
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and

Dy = Sixae1 + X092 + 52X393,
Dy = Hx191 + S xe@2 + 51 X393,
D3 = Li8x191 + 83 X292 + X393,
Dy = 515191 + {E X202 + 83 X395.
The transformations between field variables can be reformed neatly:

qil1l = g1 —c1x, @[1] = g2 — a5, (19)

ri[ll=r —csx, [l =7r —c4x, (20)

and ¢;’s are given by (17)—(18).

3. Reduction

In the last section, we constructed a combined or two-fold Darboux transformation for our

linear system (3)—(4). The relevant Darboux matrix and field variable transformations are

given by (14) and (19)—(20), respectively. What we are interested in is to present a Darboux

transformation for the two-component DNLS equation and thus we have to do reduction. Next

we will show that our Darboux transformation can be reduced easily to the interested case.
The constraints between field variables are

rn o= —q, rn=-q
which should be invariant under Darboux transformation. Now we note that, for the solution
(@1, 92, 3)" of the linear system (3)—(4) at ¢ = 1, (¢}, @5, ¢}) is the solution of the conjugate
linear system (10)—(11) at{ = ;. Therefore, we use it as our seed for the second-step Darboux
transformation. Namely,

Vi = (o7, 93, 93), H=4¢.
With these considerations, it is easy to verify that

= —c3, ¢ = cu;
therefore,
rll] = —q:[11%, rll] = —gl[1]*.
The final transformation is given neatly by
&2 = ¢t 0193
qilll=q1 — . , 2D
62l \letler+er (o3| +[e3]) ]
62 = ¢} Q13
@11 =q> — . (22)
62l \letler+er(lo3] +[e3]) ]
If we start with the vacuum solution ¢; = ¢» = 0, then the linear system (3)—(4) has a
solution
o= e—zigfx—9i§14z7 ¢ = ei;fx = ¢

which leads to
6¢7Im(¢7) e[ sinh (1) (¢ — 2[¢7|) + cosh(D) (¢ +2[¢7])]
¢ [ sinh(1)(¢2 +2|¢2|) +cosh(D) (c2 — 2|¢2|)]*

qi[1] = g2[1] =
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where R = 3Re(¢{)x+9Re(¢))r, I = 3Im(¢2)x+9Im(¢})z. Itis nothing buta solution of the
DNLS equation. To find more interesting ones we need to iterate our Darboux transformation
and we will do so in the next section.

4. Iterations: N-fold Darboux matrix

The appealing feature of a Darboux transformation is that it often leads to a determinant
representation for N-solitons. To this end, one has to do iteration. In this section, we consider
the iteration problem for our Darboux transformation.

First, let us rewrite our Darboux matrix T given by (14) with the reductions in mind.
Introduce a new matrix

N () = diag (m, {¢o , {93 )
abD & D* & D*
where D = Dy~ ;,=¢;- Then, the Darboux matrix 7 takes the following form:
Coi &y Ges
N@ | &ier Cvr Cws
e Lo Les

I Sk SR Sl 91

! o 2

Now, on the one hand we have already known

@1
Tle—e, [ 92 | =0, (23)
@3

i.e. our seed @ = (¢1, 2, @3)7 lies in the kernel of the matrix T'|;=¢,. On the other hand, let
us suppose

Vi 02 g2 OIY + @3y + @i
Tle=g; | V2 | = %N(g;‘) P+ O3+ oY | =0 24)
¥ ! QiYL+ @3 + Y3

for a certain vector function W, = (Y, ¥, ¥3)7; then, for ¢ # ¢ one has to impose
OiY + @3 + i3 =0 or

olw, =0.
Obviously
Wi = (=93, 0. 007 or Wy = (—¢5.0.¢7)"
meet the requirement
T)e—ge W) =0, (25)

We observe that the conditions (23) and (25) can in turn be used to determine the nine quantities
appeared in T uniquely.

Now we are ready to do iterations. Assume that we are given N distinct complex numbers
¢1, &2, ..., &y such that {:2 #+ g,f (k=1,2,..., N). We further assume that the vector

k k NT
@ = (0, o, o)

is a solution of a linear equation at { = ¢, i.e.

[8x = U(¢ = &) 1(Pr) =0, [0 = V(£ = &) 1(Pr) =0,
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and
w= (e 0) = (el 0,0

which satisfy the orthogonal conditions dD,T(\I/}( =0.
With these seed solutions, we define

-y coPtk =11 otk — 11F gk — 17*

e="ra ;_Cka(Q Pk =11 Pk =11 Pk — 177 |,
¢ ok — 11 Pl — 11 Pk — 11

where
DIk = &Ptk — 1) + g7 (JosP Tk — 117 + |0 1k — 11]%),

to®tk =11 Pk —11F Pk — 17*
DIkl ¢DIkF gDk )

Ne(§) =

and our notation is as follows:

oV [k] o

@ikl = | oV 1k1 | = i . Tl | 08
j 902'[ ] k-1 te=g; | @ | >

¢; k] ¢

and ®;[0] = @,
The N-times iterated Darboux matrix is given by

T =TyTy_i---Th.
It is easy to see that, similar to equation (23), the following relations hold:
TiTio1 - Tilemg, @k = Tilemg @ilk — 11=0 (k=1,2,...,N).
Furthermore, we recursively define
W [0] = W, Wilj =1 =T Tj - Til=g Wi
then we have
Proposition 1. ®}[k — 1]W/[k — 1] = 0.
Proof. We know ®|[0]W.[0] = 0. Let us suppose ®|[m]Wi[m] =00 < m < k — 1).
Then, thanks to ®g[m + 1] = i1 lc—¢ Pilm] and W [m + 1] = Ty |c—c- Wi [m], we have
Wilm + 1O m + 1] = W[[mIT,), | lr—g, Tt lc=ey @hlm] = 0,

1
because 7, |c—g, Tst ey = = (& = 630) (& — ¢aa)- Therefore, the lemma follows
from the mathematical induction. O

Based on proposition 1, we obtain

TiTioi - Tilemgy Wi = Tile—gp Wilk — 11 =0, (=1,2).
Therefore, we have
Tlr=e, @i =0, Tle—gr Wy =0, Tl Wi =0 (26)
fork =1,2,..., N. We also note that our iterated Darboux matrix 7 is of the form
N N azn§2" C§2n—1)§2n—1 C§2’1—1)€-2n—l
T=Y "= e by g |+ (DY,
n=t \ e D! don ™" emt™
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2
1
2
-1
_2 T

T T T T
-10 -5 0 5 10
x

Figure 1. |q12| component of the two-soliton solution and its contour plot.

The above coefficients can be found in 7 by solving the linear algebraic systems (26). The
solution formulae are obtained from

Q1[N]=41+(é> ) Q2[N]=€/2+<E> ,
H J, HJ,
where
R S Y A ST 41 R ST S AT
T R e 0 B T2 R s SN
_ ]2N*(p§1)* 0 512N71*</)](1)* o _glz*(p;l)* 0 é’l*gﬂfl)*
H, = e
A L S L R L
_ z%fN*‘/’éN)* é-nZN—l*(pgN)* 0 _{ﬁ*wém* m(pgN)* 0
_C]%]N*(pgN)* 0 g'%N—l*(piN)* —{,%,*(/%N)* 0 ;;\k](pr)*

and H, and H; are H; with the 3N — Ist column and the 3Nth column replaced by L,
respectively, where
_ Y] (D= (D= (N) (N)* (N)=\T
Ll—(_‘/ﬁ» 7 P37, ey TO T, @Oy, @3 )
To demonstrate the usefulness our solution formulae, we calculate solutions for the two-
component DNLS equation. Selecting
. 2ir2x—0; 2T
o= 1+% %17 o, = (e 2icix 91{]4t,07 elcfx) i
b, = (6721522)(791'{2‘5 eitzzx eigfx)T

1, H=1+

and substituting them into (4) we could have the solutions. Figures 1 and 2 show these
solutions by plotting |q12| and |g3|. It is interesting to point out that while the second figure
exhibits standard two-soliton scattering, the first one demonstrates a fission process.
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N

T T T T T
-10 -5 0 5 10
X

Figure 2. |q22| component of the two-soliton solution and its contour plot.

5. Conclusion

Above we found a Darboux transformation for the two-component DNLS equation and
obtained a closed formula for its solutions. We remark that our Darboux transformation
can be easily generalized to the multi-component case. In fact, the Darboux matrix in this
case is

g S A S XM
. . SN S S 4N
Sk T Tk o tor Loh ;
T= ;_*21 lg*z 1N(§) eN7 g7 47 S 7 I
1 1
ol tos ey ... Gy
where
N(¢) = diag (ﬂ, 2 S )
aD & D* &1 D*
with

D = ¢l}| + ¢ @3]+ -+ 57|02

and solution formulae may be derived.
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