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A long waves-short waves model: Darboux transformation
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Darboux transformation is constructed for a third-order spectral problem. By proper
reduction, a Darboux transformation for a long-short wave model is obtained.
Furthermore, a closed multi-soliton solution formula is found for this equation.
© 2011 American Institute of Physics. [doi:10.1063/1.3589285]

I. INTRODUCTION

Construction of solution for nonlinear systems has been a difficult and yet an important problem.
During last four decades, important progress has been made and many methods have been developed
serving this purpose. For instance, one may try to find solution for a given system by now well-known
methods such as inverse scattering transformation,'-2 Hirota method,® or Darboux or Bicklund
transformation.”

The aim of the this paper is to study a long wave-short wave model, which reads as

A, =20(|BP);,
(1)
B, =iB,, — A,B+iA’B — 2i0B|B|?,

where A = A(x, t) represents the amplitude of the long wave and B(x, t) the envelope of the short
wave. This equation was considered by Newell'> '# in terms of the inverse scattering transformation.
Chowdhury and Chanda® took the Weiss-Tabor-Carnevale approach to the Painlevé analysis and
considered its integrabilty and Backlund transformation. In Ref. 11, it was shown that (1) is related
with a model equation proposed by Yajima and Oikawa through a Muira transformation. For its
physical relevance, we refer to the recent paper.* While this is an important model, to our knowledge,
not much is known for its solutions. In particular, while one-soliton solution was calculated in the
framework of the inverse scattering transformation, a compact formula is not available for the general
N-soliton solution.

In this paper, we will take up this problem. We will construct a Darboux transformation for
(1). Indeed, Darboux transformation approach has been very successful for construction of soliton
solutions for some nonlinear systems.>”"»'> We will work with a general 3 x 3 spectral problem
and construct its Darboux transformation. This will be done in Sec. II. Then, in Sec. III, we reduce
this Darboux transformation to the particular case we are interested in. In Sec. IV, we will give the
N —fold Darboux matrix. In the last section, we present some explicit solutions.

a) Author to whom correspondence should be addressed. Electronic mail: qpl @cumtb.edu.cn.

0022-2488/2011/52(5)/053513/9/$30.00 52, 053513-1 ©2011 American Institute of Physics

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp


http://dx.doi.org/10.1063/1.3589285
http://dx.doi.org/10.1063/1.3589285
http://dx.doi.org/10.1063/1.3589285
mailto: qpl@cumtb.edu.cn

053513-2 L. Ling and Q. Liu J. Math. Phys. 52, 053513 (2011)

Il. DARBOUX TRANSFORMATION

We begin with the following general spectral problem:

v, =UW, (2a)
v, =V, (2b)
where
N
U=¢l+P. V=3¢V 3)
i=0
with
i 0 B iA
J = 01, p=|C 0 D
—i iE F

and ¢ is the spectral parameter; A, B, C, D, E, F are field variables depending on x and ¢ and
Vii=1,2,...,N) are the matrices which could be determined by means of the zero-curvature
condition

U -V, +[U,V]I=0
or
[J, Vn1=0,
[J, VN1 + [P, VN1 =0,
[J, Vicil + [P, Vil = Vix =0, i=1,...,N—1,

P, — Vo + I[P, Vo] =0. 4)

Generally, Eq. (4) is an evolution equation.
To construct a Darboux transformation for (2), we also consider the associated conjugate
equations

vl =v'y, (52)

-y =Ty, (5b)

where W is the 3-row vector.

Now according to Refs. 6 and 10, by combining the elementary Darboux transformation of
original spectral problem and that of conjugate spectral problem, we can construct a new Darboux
transformation. Indeed, the Darboux matrix for the spectral problem (2) reads as

— & v’
T—14 Vi El IT 1 i (6)
{ — Vi \IJI “Ill
and the Darboux matrix for the conjugate spectral problem (5) is
— v Yl
o= g ST )
C - El \Ill \Ill

where W is a special solution of the spectral problem (2) with ¢ = &, W/ is a special solution of
the conjugate spectral problem (5) at { = v;. Itis easy to see that 7T =TT = 1.
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lll. REDUCTIONS

With the results above, we now turn to Eq. (1). According to Newell,'>!* the corresponding
spectral problem for (1) is the one (2) but with the specific U and V given by

it B iA
U=]|oB* 0 oB*|, ®)
iA B —it
—1i¢* —ioBB* —B¢+iB, — AB iocBB*
V=|—-0o(B*¢+ B+ AB*) 3it*+20BB* o(B*¢—iB;— AB") |, )
ic BB* B{+iB,—AB  —1i¢>—ioBB*

where o = *1. Thus, instead of the previous six field variables, we now have only two dependent
variables and our task is to construct a proper Darboux transformation for this particular case. To
this end, for the general spectral problem of Sec. II, we may take a two-step reduction. At the first
step, we impose on the U given by (3) the following condition:

U'(¢) = —o1U(¢%)on, Vi) = —o1V(¢H)on, (10)

where o) = diag{1, —o, 1}.
The above constraint reduces the number of field variables by half and we are led to

ic B A
U=|oB* 0 D
iA*  oD* —i¢

At the second step, we ask for

xU(§)or = U(=0), 02V (§)or = V(=9), (1)
where
0 0 1
=0 10
1 00

This constraint gives (8).

With the first constraint (10) and ®; being a solution for the linear spectral problem at ¢ = &;, it
is easy to show that CDI.Tol is a special solution to the conjugate spectral problem at ¢ = &;*. Similarly,
under the second constraint (11), it is straightforward to check that o, ®; is a special solution to the
linear spectral problem at ¢ = —§;, providing that ®; is a solution to the equation at { = §;.

Now we implement these constraints so that we can find a Darboux transformation for (1). We
can readily show that if U and V satisfy (10), after a Darboux transformation with the following
Darboux matrix:

£ — £ Ol
§_$1* CDIO’]Q)I,

T =1+

the transformed fields U[1] and V[1] also fulfill (10).

As shown above, a single Darboux transformation can be formulated for the first reduction, but
the similar thing could not be done for the second reduction (11). Thus we naturally consider two-
or more-step Darboux transformation. With & = —&; and ¥, = 0, P, the two-step Darboux matrix
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reads as
T = T[2]T[1]
| f e E Tl 0@ @ T gy | [ & — &1 2190y
C+E DT 11— T[1|;——g, 02D ¢ — & dlod, (12)
_ Ay A
C-& cHE
where
of P o001 P oo @ ®lo10,®
o _[%q:]qﬁal_ s 102¢1®Iol]+ [ 2220y Bl 0201 — igllizgrlcplcl)l(oz(fl]
! = ®lo1 ) ®l010,) )
& & —& &
qDTO'zO‘]‘I’] ®TO‘20‘]O‘2¢»‘1
& +E —&1+&F

Then, by direct calculation, one may verify that this Darboux transformation preserves the constraint
(10) as well as (11). The associated transformations between field variables are given by

A=A+2A1+ A3,
B =B+i(A+ Ao,

where (A| + A)y; denotes the entry of kth row and /th column for A} + A,.
As usual, this particular Darboux transformation may be iterated. However, an alternative
approach to this problem may be adopted and a better form exists as we will show in Sec. I'V.

IV. THE ITERATED DARBOUX TRANSFORMATION

We consider the fractional form of Darboux matrices (6) and (7) and at first we study
the general problem with no reduction involved. Suppose that we are given N solutions W at

¢ =& (& #&.1# ) of (2) and N solutions W at & = ve(v; # vj, i # j) (§n 7 va) of (5) (k

=1,2,..., N), respectively, then composition of Darboux transformations leads to the N-fold
Darboux transformation

T =T[N]T[N —1]---T[1], TS =T[1I°T[2]°---T[N]S, (13)
where

ve — & Wik — W] [k — 1]
¢ — v Wl Tk = 1% [k — 11
E — v Wik — 11 [k — 1]
¢ — & W Tk — W[k — 17

Tkl=1+

Tk =1+

and
Welk — 11 =Tk — 1T [k —2]- - - T[1]]c=¢, Wk,
Wk —11= Y/ THITRI - Tk — 1=y,

Thus, we infer that 7 and T take the following forms:

A As Ay
T—=1+ + . , (14)
E—vi = Y
C (& C
TC=74+— 4+ 2 N (15)

=& §—§2+W+C—§N'

Author complimentary copy. Redistribution subject to AIP license or copyright, see http://jmp.aip.org/jmp/copyright.jsp



053513-5 Long waves-short waves model J. Math. Phys. 52, 053513 (2011)

It is easy to see that the rank of Ay is less than or equal to 1. Taking account of the following facts:

det7 = L8 &) (€ —&n) det7¢ = & =o€ = vo)--- (€ —vy)

€ —v)(C =) (¢ —vy) S —ENC =&)L —EN)

we find that both A;’s and C;’s are all rank one matrices. Therefore, we assume

A = lag){bil, Cr = lci) (dil,

where |a;) and |cg) are column vectors, while (by|, (di| are row vectors. Keeping the identity
TT =1,T°T =1 at¢ = &, ¢ = v, in mind, we arrive at the following:

Tl;=glcx) =0, (OkIT |y =y, =0, 16)

TNy lax) = 0, (d|T ;=5 = 0. A7)

Owning to equation (13)—(16), we have the identifications |c;) = V; and (br| = \IJkT . Rewriting the
equations (16) and (17), we obtain

N N
lar)(bilck) (b lcr){d]

, bi| = _ 18

lck) = IE=1 — (b | 1§=1 P— (18)
lcr) (dilax) X (dilar) (|

=y el dy =y 2o 19

|ax) —" (di| — (19)

Introducing the notions

_ ((bzlck)> ’ b ((dzlak)>
& — v Ik v — & Ik

which fulfill the relation DD = I, then in general case we obtain the iterated Darboux matrices

N

—_7_ 1 -1
T=1 kég_vk|cl><0 ik (b, (20)
T —1+Z ler) (D™ i (b 21
k= 1§ é

As discussed in the last section, to have a meaningful Darboux transformation for (1), one needs
to choose seed solutions properly. Indeed, let uy, (k = 1, 2, ..., N) be distinct complex numbers and
@, be the solution of (2) under the constraints (10) and (11) at { = ;. Then, we assume

Exk—1 = Mk, ke = — i, Yoo = O, Yok = 02 Py,

T ool 0
Vok—1 = ,U«;:, Wk = _MZ ‘Ijzk_l = ¢, "ka = q)kO'ZUl,

(k=1,2,...,N), the 2N-fold Darboux transformation preserves the constraints (10) and (11). A
direct calculation yields

2N
P=P+ [J, > |c,>(Dl>zk<bk|] : (22)

k,l=1
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where [cox_1) = @y, [ea) = 02 s, (br—1] = P01, (bx| = Ploroy, and

q)J]rU]q)] CDTO']G'2¢'1 . CDTO'] @N ‘1370'10'24’1\]
Hi—py ——py UN =]y —IN—HRT
CI>'{'UZU]<I>1 (13.}.020102@] @T(Tz(f] CDN @T(Tzd](fz@;v
o+ —mitui HN A+ —mntug
D= s
01D @012 @ ol 01Dy o1 Py
Hi—y —p1—y UN =Ky —UN— Wy
CD;,Uz(ﬂdﬁ <I>j\,020102<1>1 ¢;V0201¢N CD;,O'z(T](Tz‘DN
witiy —mituy UNtRY —INFHYy
that is,
2N 2N
a 1 det Dy,
A=A+2 E le) (D™ bl ) =A+2 E ; (23)
det D
k=1 13 k=1
2N 2N
~ . _1 . det Sy
B=B+i E len) (D™ ulbel ) =B +i E —, (24)
det D
k=1 12 k=1

where D,;_; is the matrix D with (2k — 1)th row replaced by the vector
[¢§1)¢§k)*’ ¢§1)¢§k)* L ¢§N)¢§k)*’ ¢§N)¢§k)*:|7
Dy is the matrix D with 2kth row replaced by the vector
[ El)(ﬁik)*’ §1)¢ik)* L EN)d)(lk)*’ iN)gbik)*iI’
Sox—1 is the matrix D with (2k — 1)th row replaced by the vector
[-o#"8: o0 ey . —oVey”, —o g8, (25)

and Sy is the matrix D with 2kth row replaced by the above vector (25).

V. EXPLICIT SOLUTIONS

In what follows, we will construct some solutions for (1) by means of the Darboux transformation
constructed above.
(23) and (24) supply us

20 Im(Y¥$)G — B (I ? — [ys1?) H

A[l] = A —4ap 2G7 1 P , (26)
Bll]=B -2 . oG —iBH
= B —20aB(¥1 — ¥3)¥, «2G2 1 fPH 27

where G = |1 1> + [¥3]* — o [¥2], H = 2Re(Y{¥3) — o|yl?, and (1, Y2, ¥3)" is a special so-
lution of the linear spectral problems at ¢ = u; = o + i. Depending on the values of the seeds A
and B, we have two types of solutions for the system (1).

e A=B=0.
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In this case, the solution to the linear spectral problems at { = w; = « + Bi is given by
14

Vo | = exp(—;—laﬁt + i[g(oz2 — BHr +6,)
Y3

ky exp(—Bx + 2aBt + ifax — (a® — BA)t + 61])

X ka , (28)
ks exp(Bx + 2aft + i[—ax — (> — 8Ot + 63])

where k; > 0, 6;, (i = 1,2, 3) are arbitrary real numbers. Substituting (28) to (26) and (27)
leads to the explicit solutions. By choosing the parameters differently, we obtain the solutions
with different behaviors.

(D) Traveling solitary solution

Suppose k3 = 0, we obtain the first kind traveling wave solution

—4aﬂ20k12k% exp(—2Bx + 4aft)

All] = T T aa
o [kl exp(—2,3x—|—4oz,3t)—ak2] + B%k;

4a2ﬁ2k12k§ exp(—28x + 4apft)
a? [k exp(—2Bx + 4apt) — ak%]z + ,32k§.
Taking k; = 0, we have the second kind traveling wave solution
4a/320k§k§ exp(2fx + 4apft)
o [K3 exp(2Bx + 4apt) — o k2] + B2kE

|B[1]]* =

A[l] =

4a2,32k§k§ exp(2fx + 4apft)
o? [k exp(2Bx + 4apt) — o k2] + B2

which is nothing but the soliton solution obtained by inverse scattering transformation'® up to

|B[1]]* =

2 2
K3 =K.
(II) Y-V-type solutions
With the assumption that the parameters k; are all nonzero we obtain
—2ak k3 exp(4aft) sin(v3)G1 + B [ki exp(vi) — k3 exp(v2)] Hy

All] = 408
a?G? + BH}

s

3 [k exp(v) + k3 exp(vy) — 2k k3 cos(v3) exp(4afi)]
a?G} + B2H}
where vy = —28x + 4aft, vy = 2x + 4aft, v3 = 2ax + 6 — 65,

|B[1]]* = 4a2ﬂ2k

k]

G = ki exp(vi) + k3 exp(va) — k3o,
H, = 2kiks cos(vs) exp(4apt) — k3o.
In this case, the solutions would yield the singular at
‘o In(ky) — 1n(k3)’ . 21n(ky) — (In(k) + In(ks) + ln(2))7
48 4ap

; — a(In(ky)—In(k3))+B (01 —63)
witho =1 a'nd i E.Z. . .
We also notice that the solitary solutions considered in (I) above can be regarded as the
appropriate limits of the Y-V-solutions. Indeed, the first kind traveling solution is recovered
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(e) A o |8

FIG. 1. (Color online) (a), (b): Normal breather type (1u; = 1 + V3i,o0 = —1,¢; =c3 =1,¢3 = 0); (¢), (d): Y-V-Breather
type (Ui =1+ V3i,0 =—lLcr=ca=c3 = 1).

if —x 420t = ﬁ In(la|v/a? + B2k?k3) and aft — —oo, while the second kind traveling

solution can be obtained with x + 2t = ﬁ In(|a|/a? + B2k3k3) and aft — —oc.
e A=0, B=cexp(—2iot).
In present case, the solutions to the linear spectral problems at ¢ = u; reads as

v i exp(—2iot)  jovyexp(wy) —3ovsexp(w)\ [ci

¥ | = exp(zi,ﬁ,) 1 exp(w; + 2iot) exp(w; + 2iot) I
37! : ’

Y3 _ul_l exp(—2iot) %av3 exp(wp) —%0 vy exp(wy) c3

(29)

where v = 1/—;L%—i—Zcr, V) =iy + vy, V3 = —il] + vy, W = VX —i,u%t, Wy = —Vix —

i u%t, and ¢; (k=1, 2, 3) are arbitrary complex numbers. Substituting (29) into (26), we have
two breather type solutions, whose plots are given by Fig. 1 above.
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