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The coupled derivative Schrodinger equation is studied in the framework of the
Riemann-Hilbert problem and a compact N-soliton solution formula is found. Taking
advantage of this result, some properties for single soliton solution and asymptotic
analysis of N-soliton solution are explored. As a by-product, a coupled Fokas-Lenells
equation together its N-soliton solution is presented. © 2012 American Institute of
Physics. [http://dx.doi.org/10.1063/1.4732464]

. INTRODUCTION

The integrable systems are differential or difference equations with rich mathematical structures
and wide physics and engineering applications. In particular, they often have multi-soliton solutions.
Among many integrable systems, the nonlinear Schrodinger (NLS) equation has been recognized
as a ubiquitous mathematical model, which may be adopted to describe the evolution of a slowly
varying wave packet in a nonlinear wave system. It plays an important role in nonlinear optics,’ water
waves,* and plasma physics. However, in some physical situations, two or more wave packets of
different carrier frequencies appear simultaneously. This type of wave interactions could be modeled
by the coupled NLS equations.?

Another integrable system of NLS type, the derivative nonlinear Schrodinger (DNLS) equation’

ig: = fo 2 — 41 1
qr = qxx + 3(6161)x» o = (D

has also attracted considerable attention. This system emerges as a model for Alfvén wave propaga-
tion along the magnetic field.'® The inverse scattering transformation was applied to this equation and
the soliton solution was constructed by Kaup and Newell.” Many researches have been conducted
for it and then lots of results have been achieved.® ' !8 The associated two-component extension of
DNLS equation, namely, the coupled derivative nonlinear Schrédinger (cDNLS) equation proposed
by Dodd and Morris,'” reads as

: 21 2 2
g = [q1x + §41(|CI1| + olg2|9)]x, (2a)

. 21 ) 2
ig2: = [q2,x + §Q2(|6]1| + olg21)]x, (2b)

which is relevant in the theory of polarized Alfvén waves and the propagation of the ultra-short
pulse. The system of equations (2) was studied within the framework of inverse scattering transfor-
mation. More recently, Hirota’s direct method was developed and in particular two-soliton solutions
were constructed for this system.?” Its N-soliton solutions were constructed by means of Darboux
transformation very recently.'* We observe that the N-soliton solutions constructed are the ratios of
3N x 3N determinants, which may not be convenient to practical purpose.

Finally, we should point out the integrable properties for N-component derivative Schrodinger
equations had been studied by Hisakado and Wadati,*” they constructed the gauge transformation
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between N-component derivative Schrodinger equations and N-component Schrodinger equations.
Tsuchida and Wadati'®?° considered the gauge transformation between different kinds of matrix
derivative-type Schrodinger equations. In our work, we construct the Riemann-Hilbert problem
for two-component derivative Schrodinger equations directly, rather than depend with the gauge
transformation.

The aim of this paper is to construct a compact representation for the N-soliton solutions of the
c¢DNLS system and present an asymptotic analysis for these solutions. To this end, we will take the
well-known Riemann-Hilbert approach,':? which relays on the Riemann-Hilbert problem rather than
the Gel’fand-Levitan-Marchenko equation. This approach enables us to find simple formula for the
cDNLS equation. As a by-product, we obtain a coupled Fokas-Lenells system and its multi-soliton
solutions. We remark that, for the single-component Fokas-Lenells equation, Lenells'® found its
N-soliton solutions via dressing method. However, it is not clear how to generalize his results to the
coupled Fokas-Lenells system.

The paper is organized as follows. In Sec. II, we derive the cDNLS hierarchy from a third-order
spectral problem. The inverse scattering method is applied to this third-order spectral problem and
corresponding Riemann-Hilbert problem is formulated in Sec. III. Section IV intends to find simple
and compact N-soliton formula. Then this formula is employed to study the asymptotic behavior
of the N soliton interactions. In Sec. V, we derive a coupled Fokas-Lenells system and give its
N-solition solution formula. Finally, Sec. VI contains some remarks.

Il. cDNLS HIERARCHY

In this section, we will derive the cDNLS hierarchy which may lead to a coupled Fokas-Lenells
system in Sec. V. To have a clear picture, we consider first the derivation of the DNLS hierarchy
which has the following spectral problem:

—iat? g
b =Up, U= ( o i;) Ga)
A B

where « is a real number, ¢ is the spectral parameter, ¢ = g(x, t) and r = r(x, f) are field variables,
A, B, C, and D are the quantities depending on field variables and their derivatives and ¢.
The corresponding zero-curvature equation or the compatibility condition of (3)

U -V, +[U,V]=0 “4)
implies
— A, +i¢qC —1i¢Br =0, (5a)
— D, —itqgC +i¢Br =0, (5b)
icq, — By —i(ae + DN?B +icgD —icAg =0, (5¢)
icr, — Cy + il + DZ*C +icrA —icDr = 0. (5d)

Using Eqgs. (5a) and (5b), Egs. (5¢) and (5d) may be rewritten as

s B, (BN L. q\ _
(1) () er(Z)emmno )0 e
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where Dy and Ag are integration constants, and

L =—i(x + 1)o3 — 203<q>8_1(r,q)03, o3 = diag{1, —1}.
r

To obtain the evolution equations, we expand

B o [ bi 2i-1
(e)-%(0):

and let Ag = —a Dy = —ﬁgw with 8 a constant. It follows from (6) and (7) that

14+o
b
L( N)+iﬂ<q)=0, (8a)
CN —r
(2) ()
- + L =0, (8b)
Ci . Ci—1
t b
i(q)—< 1) —0. (8¢)
Tt Cl N

With the help of (8a) and (8b), we find that (8c) may be reformulated as

. qf _ ﬂ —1I\N—1 ‘Zx
l(r,>_1+ot(8xL ) (rx)’ ®

_ iGS 2 q -1
L= - a7 (r.q).
l+o (1+oz)2<r> (rq)

The first nontrivial flow in the hierarchy (9) is

2i 2
qx + 39T
i) = ) (10)
I —ry + %qr2 .

where we took @ =2, 8 = — (1 + «)%i. The reduction r = o ¢* for (10) yields the DNLS equation
(2a). The explicit forms for U and V in the present case are

.2 ) _ -2 0 _ 0 ¢
U=it“0p+i¢Q, op= o 1) 0= - o) (11a)

N
V= 3ictog+ Vo, Vo= 3030 +i220% + £(03 0y + §Q3>. (11b)

where

Now we move to the multi-component extension of the DNLS equation. To this end, we merely
modify above matrices U and V with

=2 Oixw 1 O1xn 0 0 q' (12)
0o = , o3 = , = ,
’ Onxi 1 } Onx1 =1 r Onxn

where q = (q1, g2, - - -, qN)T, r=01,r,....,r8) , I=Iy.yisthe N x N identity matrix, O « x
1 x N zeromatrix, Oy« 1 N x 1 zero matrix, and Oy« y N X N zero matrix. By a direct calculation,
the compatibility condition (4) leads to interesting nonlinear evolution equations. Letting A be a
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non-degenerate Hermite matrix and considering the reduction r = A7 q*, one finds the following
N-component system:

2
q: = [qx + gqq Aq]x~ (13)

The two-component DNLS or coupled DNLS system considered in Ref. 15 is the first nontrivial
case — the case N = 2, which will be our main concern in the rest part of the paper. For convenience,
we list down the explicit spectral problem here

&, =Uy, U=ic’oy+ic0, (14a)

y
O, =V, V=-3ictog+ Vs, Vo=-3i030 +ic20% + £(030x + §Q3>, (14b)

where
-2 0 0 1 0 O 0 o1
oco=]1 0 1 0], o3=J0 -1 O], O9=|rn O O
0 0 1 0o 0 -1 rn 0 O

and ry, r, fulfill the following reductions:

ri=qy, n=o0q¢,, o=x=I (15)

lll. INVERSE SCATTERING FOR cDNLS

In this section, we consider the scattering and inverse scattering problems for (2) and work out
the associated Riemann-Hilbert formulation. These results will lay the ground for the construction
of the N-soliton solutions of cDNLS system.

A. Analytical solution for spectral problem

Assume that the functions ¢, g2, r1, r» decay to zero sufficiently fast as x — £ oo. It will
be convenient for us to write the spectral equation (14) in terms of the matrix J = ®F 1’1, where
E, = exp [i(¢%x — 3¢*H)oy] is a solution of spectral equation at x — =+ oo. Hence, the spectral
problem (14) we shall deal with is written as

Jy = i¢* o0, J1+iC 0, (16a)

J, = =3ic oo, J1+ Val. (16b)

The Jost solutions J+ of the spectral equation (16a) obey the asymptotic condition J. — I as
x — = o0o. They solve the following integral equations:

X

Je=1+ic [ explit’oo(x — y)]QJx expl—it op(x — y)ldy. (17)
+o00

These integral equations of Volterra type allow us to prove the existence and uniqueness of the Jost
solutions through standard process. Partitioning J into columns, namely, J. = (J. [1], J [2], JE]),
then the column vectors J!"! , JJ[FZJ, and JEJ are continuous for { € C, UR U iR and analytic for
¢ eCy; Jm, JEZ], and JP] are continuous for { € C_ UR U iR and analytical for ¢ € C_, where

T 3 T 3
C"r = {é"argé‘ € (07 E)U(na 7)} ) C— = {Clargé‘ € (E’H)U(T’ZT[)} .
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Since both J; E and J _ E are solutions of spectral problem (14), they must be linearly related by a
matrix S(¢) — the so-called scattering matrix. That is,

J_E = J.ES©), ¢ € RUIR, (18)

where E = exp (i{ %x09) and S(¢) = (5;)3 x 3.
It follows from Abel’s formula and tr(Q) = 0 that the determinants of J are independent of x,
so the evaluations of det(J ) at x = = co show that

detJy = 1.

Furthermore, from (18) we obtain det(S) = 1. Evaluation of S(¢) as x — + oo gives
+o0
S(¢) = 11111 E'VE=1 +i§/ E~YQJ)(x)Edx, ¢ eRUIR. (19)
x——+00 oo

Thanks to the analytic property of J_, s1; allows analytic extension to C_, 525, 523, 532, and s33 can
be analytically extended to C_.
In order to construct the Riemann-Hilbert problem, we define the matrix function

@, =M, g B

which is analytic in { € C,. Taking account of (18), we have

S11 O O
&, =J ES,E'=J.E|sy 1 0|E7!,
531 0 1

therefore det(®,.) = s1;. To find the boundary condition of ® ;. as ¢ — 0o, we consider the following
asymptotic expansion:

1 1 1
o, =0+ -0+ —o + 0(=). (20)
¢ ¢ ¢
Substituting (20) into (16) and equating terms with like powers of ¢, we find
[o1, @01 =0, [0y, @1 = —00Y, [01, 971 = Y, —iQY,
which lead to

i
o, = —3% 0>V, 1)

This means &, — <I>(+o) as { — oo and CI>$)) satisfies Eq. (21). Furthermore, we have det(dD(f))

= exp(in) by the boundary condition and (21), where n = —% f;o (gq1r1 + qara)dx.
To obtain the analytic counterpart of @, in C_, we consider the adjoint equation of spectral

equation (16a),
K, =i¢*oo, K1—iCK Q. (22)

It is easy to see that J ! solve above adjoint equation (22) and satisfy the boundary condition
Ji' = Iasx — +oo0. Let (J£ ¥ be the kth row of the matrices J !, then

(JzHi
Je=| (JzHP
(JzHH
Employing the same techniques as above, we can show that
( J_—l)[ll

(D:l — (J;l)[Z]
(J;l)B]
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are analytic for ¢ € C_. Also
J-'=ERE'J,

where R = S~ ! = (r;)3 x 3. Therefore, we have

i iz T

o'=El 0 1 0 |E'U,

0 o0 1
and det ®~! = ;. Assuming ®_ — d© as ¢ — oo and expanding ® _, we find that oY also
solves Eq. (21). Furthermore both CDS(_)) and & enjoy the same boundary condition as x — = 00,
thus we have CIDSS) =¥ = @,

Hence we find two matrix functions ® ; and ® _ which are analytic in C and C_, respectively.
They satisfy

I rip2 ri3
®-'d, =G=E|sy 1 0 |E', ¢eRUIR. (23)
s31 O 1
with boundary condition
L —> by as ¢ — oo. 24)

In the rest of the subsection, we consider the involution property such that the interesting
reductions may be taken account of. The Hermitian of the spectral equation (16) reads as

(D) = it[o0, 11 —i¢Ji Q" (25)
which yields
(B~'JiB), =it*[loo, B~ JIB1—i¢B~'J]BQ, B =diag{l, 1,0}, (26)

where Qf = BOB~! is used. Recalling that J:! fulfill the adjoint equation (22) and the boundary
conditions, we have the following involution relation:

Ji=BJI'B7!,

which in turn gives

®L(¢") = BoZ'(9)B™". @7
In view of the relation J_ E = J; ES, we have the involution property of the scattering matrix

S'¢c* =BS"'(©B". (28)

The similar analysis shows that the Jost solutions satisfy another symmetry relation

J1(=¢) = 03J1(5)o3.
It follows that

C:(—¢) = 03P £(8)o3, (29)
and

S(=¢) = 035(5)os. (30)

Next, we study the property of s;;, which plays an important role in later analysis. From (28),
we obtain the relations

(r2(), r13(2)) = (53,57, 53, (T NA,  ri(§) = 57,8, €29

r21(8) _ ! s1,(C%) A= 1 0 ’ 32)
r31(¢) 575(8™) 0 o
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and (30) gives us
51:(—=¢) = —s1:(§),  si(=¢) = —sa (), i=2,3, (33)
5;;(0) =s5;;(=0),  sn@)=sn(=¢), j=12,3, (34
532(8) = 532(=0). (35)

Suppose that ¢; € C, is a zero of 51, then by means of (33), — ¢ is a zero as well. The relation
(31) indicates that r1; has two zeros, namely £=¢;". Since s; is an even function of £, we may assume
si1=su(A) with A = ¢2. In general case, we take 51 as

&’ —Ck
-2

The relation RS = [ yields r11($)s11(6) + r12(§)s21(¢) + r13($)s31(¢) = 1 and substituting (31)
into it, we have s7,(£*)s11(Z) + 55,(*)s21(¢) + 053,(£*)s31(¢) = 1. Therefore, for ¢ € R, we get

s11 = exp(in)h(r) H (36)

Is1il? + ls >+ olsal” = 1, 37)
and for ¢ € iR, we achieve

siil® = lsa > —olssi* = 1. (38)
According to the Cauchy theorem, the factor A(4) in (36) for Im(X) > O is represented as

1 0 1 1 2 2 1 00 1 1— 2 _ 2
h(A) = exp _f n(1+ [sy] +G|S31|)d£}+—_/ n(l — [s2] U|S31|)d$ ’
271 J_ oo E—A 2ri Jy §—2

while for Im(A) = 0, we have A(L) = lim._, o+ A(A + i€).

B. Solutions for Riemann-Hilbert problem

In this subsection, we first consider the regular Riemann-Hilbert problem, i.e., det(®,) = sq;
# 0and det(CI>:1) = r11 # 0in their analytic domain. For convenience, we introduce V4. = & o
and rewrite the Riemann-Hilbert problem and the boundary condition as

v_lw, =G, ¢ eRUIR, (39)
and
W, -1 as ¢ — 00. (40)
By Plemelj formula, the formal solution of this problem reads as (cf. Ref. 1, p. 590, Eq. (7.5.25))
s / v §GE)
2mi E§-¢
where G = G — I and T = [0, 00) U (ico, 0] U [0, — 00) U (—ico, 0].
In what follows, we shall prove that the solution of regular Riemann-Hilbert problem (39)
(det W1 # 0) and the canonical normahzatlon condition (40) is unique. The argument is standard and

goes as follows. Suppose that ¥ . and W, are two sets of solutions of (39), then W™ 'w, = - \IJ+,
thus

\IJ—=I+ d§9 CEC—’

WU =w Ul ¢ e RUIR. (41)

Since 4&;1&1 is analytic in C, and WU s analytic in C_, and on the curve R UiR, they
are equal to each other, we can define a matrix function in the whole plane by virtue of analytic
continuation. Due to the boundary condition (40), this analytic function approaches the unit matrix
I as ¢ — oo. Thus, we obtain
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in the whole plane by Liouville’s theorem. Therefore, ¥ = \Tli, which shows the solution for
Riemann-Hilbert problem (39) is unique.

Now we move to the Riemann-Hilbert problem with simple zeros. From above section we know
that det @, = s;; and det o' = ri1. Since s1; is analytical in C, and the symmetry relation (34),
we can suppose that zeros of s;; are {+¢; € C;,1 < j < N}. It follows that symmetry relation
(31) implies {igj € C_,1 < j < N} are the zeros of ry;. In this case, both ker(®  (+¢;)) and
ker (d>+(:t§,j)) are one-dimensional and spanned by single column vector |v;) and single row vector
(vi|, respectively, thus

. (olve) =0, (wlBP'(G) =0, 1<k<N (42)

taking account of the symmetry relations (27)—(29).

Next we construct a matrix function I'(x, #; ¢) which could cancel all the zeros of ® ;. Suppose
det ®,.(¢) ~ (¢ — ¢;) near the point ¢;, we have det ®,(¢) ~ (¢ + ¢;) near the point — ¢; and
det®~ ')~ (¢ +¢ J’-*) near the point ¢ by the involution relations (27) and (29), respectively.
Let T; be a matrix whose determinant is

det T; = f;gi (43)
= =7
then det &, T]fl # 0 at points &= ¢; and det 7} o' £0at points £¢ 7. Introducing
D=TyTn-1---T)
and the analytic solutions may be represented as
Oy = ¢ T, (44)

Therefore, I'(x, #; ¢) accumulates all zero of the Riemann-Hilbert problem, and then we obtain the
regular Riemann-Hilbert problem

¢~ ()+(0) = T(x, 5HEGE™'T™ (x,130), (45)
and the boundary condition

¢r — Dy, ¢ — o0. (46)

From the above properties (42), (43), (27), and (29), we could readily obtain the explicit form
for the matrix 7; (cf. Ref. 13)

B~'C/B  03B~'C]Bo;

C; 03C ;o
j_ 93493 -1

Ty=1+ ER Py , @7)
¢—¢ ! ¢ =g {4
where C; = |z;)(w;|B and
o 0 0
lzjy=| 0 —af 0 [lw)), |w;)=T;-1(5) - -Ti¢Hlv;), (w;|= lw;)T,
0 0 —aj
&

4 ((wy Boswy) — (wy Blw;) — ¢ ((w;|Boslw;) + (w;|Blw,; )’

C. The inverse problem

We now need to represent the relevant field variables ¢; and ¢, in terms of spectral functions.
In the case for nonlinear Schrodinger equation, the inverse problem is solved by expansion of the
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related the analytic function as ¢ — + 00.> However, for the equations of the derivative Schrodinger
type, it is more convenient to work in the following way. From (17) we have

Je(C=0)=1.
Also we have @ 4 (¢ = 0) = 1. Expanding ® . (¢)as ¢ — 0
O,(5) =1+ Lt + 0P +o(c?), (48)

and substituting (48) into (16), we obtain
0 =—iol,, (49)

which is the formula we are looking for.

D. Scattering data evolution

From the solutions of the Riemann-Hilbert problem (52), we see that the scattering data needed
to solve this Riemann-Hilbert problem and reconstruct the potential are

{521, 831, ¢ € RUIR; £&, £, ), (vel}-
Noticing that J_ satisfies the temporal part of spectral equation
Iy = =3i¢* o0, J-1+ Vad_, (50)
we have
(E{'J_E\), = E{'V,J_E,, E; = expli(¢*x — 3¢*1)oy]. (51)

Assuming that g;, g, have sufficient decay at infinity, we have V, — 0 as x — = co. Evaluating of
(51) atx — + oo leads to (exp [3i¢*too]S exp [ — 3i¢*too]), = 0. Therefore, we obtain

Sy =580, =53,=0, $3,=2533,=0,
s12(23¢) = 512(0; 2) exp(9ic*t),  s21(t;¢) = 521(0; ¢ ) exp(—9ic*t),

s13(1:6) = 513(0: ) exp(9i¢*r),  s31(136) = 53103 §) exp(—9i¢ 7).
Furthermore, the Riemann-Hilbert problem becomes
L ro 13
O 'o, =G=E|sn 1 0 |E', ¢eRUIR, (52)
s31 0 1
with the boundary condition
b, — Py as ¢ — oo. (53)

Thus, the analytic matrices ® 1 solve the temporal part of spectral problem (50).
To get the explicit formulae for vector |v;), we differentiate the equation ®(¢;)|v;) =0inx
and ¢ and find

vj)e = ig700lv;) + a(0)|v;), (54a)

v} = =31} oolv;) + B@Iv)), (54b)
where «(x) and S(¢) are arbitrary function. Thus, we have
X t
|vj) = expli(¢}x — 3¢}1)00]lvko) expl( / a(y)dy + / BAYI,
X0 1)

where |vgo) is a constant vector. A proper choice of a(x) and () may make the calculation of the
soltion solutions simpler as we will show later. By now, we complete the inverse scattering transform
for cDNLS equation.
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IV. SOLITON SOLUTIONS

With above analysis, we are now ready to construct a more compact formula of the N-soliton
solutions for the cDNLS system (2). It is well known that the soliton solutions correspond to the
vanishing of scattering coefficients, i.e., so; = 531 = 0. Thus, we intend to solve the corresponding
Riemann-Hilbert problem (45) and (46): ¢ + = Dy.

We notice that (20) and (44) imply ®¢ = ¢ . On the other hand, (48) yields

®) = (T'l;0) (55)

Thus, we have the following expansion:

@, (x, 1) = (Tle=o) ™ (Tlemo + T (x, )¢ + 0(0)) , (56)

which gives CD(J:) = ([l¢=0) 'Tx, 1).
In the following, we will manage to find the explicit expression (I'|; = o) = 'T"!(x, 7). To this end,
we observe that it possesses an alternative representation, namely,

(Tl;=0)"'T = [[le=ol ' (TnTy—1--- T1)

= ((Twle=ol " Tx)UTn-1le=0] ' Ty—1) - ([T1|c=0l ' T),

and
T (Clezo) = (17T, - Ty DIT e =]
= (T T11e=o) Ty ' Talez0) - - - (T Tlc—0),s
where
~ C;  osCios  ~, B7'CiB  03B”'C|Boy .
t—¢ 0+ - =g C+¢

and

a 0 0

lzy=|0 —a; 0 |,
0 0 —a*

lw;) = [T j=1le=ol " Ti=Dle=z, -+ (Tile=o) ' TDle=g, ] 1)y (w] = [w)),

2 %2
N $2—¢

= ¢i((wj|Bos|w;) — (w;|Blw;)) — ¢ ((w;| Bos|w;) + (w;|Blw;))

The validity of above equations could be readily obtained by comparing the residue at { = +¢; (or
¢ ==¢*i=1,2,...,N)and the boundary value at { — oo.
Introducing n = 51, N = %, we arrive at

(Tle=0)™'T = Tn(Ty_1(n) - - T (), (57)
and
T (Tle0) = Ti) ™ Ta() ™" - Ty, (58)
where
C. nCion B-'C'B  o3B~'C'Boy
L=i+—— -2 Tl=th T . Cj=lz)w,|B

n—n; n+n n—n, n+n,
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and
a 0 0
IZj) = 0 —62;‘ 0 |wj),
0 —ot

J

w;) = [Ti-1:Dlymn, - - TiDlymn, ] 1), (w] = [w)),

2 %2
—~ n;—n;

4= (Gw; | Boslw;) — (w; | Blw;)) — 7 (w; | Baslwy) + (w;|Blw,))’

Direct calculation shows that
~ i~ oA ~ ~
(Tile=0)'T; =T;, T 'Tilimo=T".

From above discussion, we may take the following more convenient forms for (I'[; =) ~ IT and
its inverse, i.e.,

N
_ D; 03D ;o3
(Cle=0) ' T=1- ey I
‘ =1 n—njy o n+n;

and

P ) = ] XN: B™'D!B  03B~'D}Bo;
=0) =1 — —
‘ oL n+n;

where D; = |x;)(y;|. These equations enable us to have

N
@' = (03D;03 — D)),

J=1

from it, taking the relevant matrix entries (1, 2) and (1, 3) yields

=1

j O’3Dj0’3)12]x , (59)

N
a=i) [(D
j=1
N
g2 =1)_[(Dj —03Dj03) 4], - (60)
j=1
To determine the matrices D;, we consider (F|;:o)’1F(§)F(§)’1(F|; —o0) = I and its Taylor
expansion at = 1;, then we obtain

N
Ny:|B My |B
I_Z |x1)(YJ|* _G3|x})(yl|* 93 ly)y =0, [=1,2,...N.
m—n; o+ ;

j=1

This system and the conditions (42) indicates that we could assume |y;) = |v;). Then |x;)’s obey

N
v =D e h(M)), (61)
j=1

where |y;); and |x;); are the first components for the vectors |y;) and |x;), respectively, and

n;((vj[Blyr) + (yj|Bosly) + m((y;|Blyi) — (yj|Boslyi))

=

lj =




073506-12  B. Guo and L. Ling J. Math. Phys. 53, 073506 (2012)

Solving (61), we obtain

|x1)1 [yi)1

|x2)1 [ya)1
=t |

lxn)1 lyn)

and substituting above expressions for [y;) and |x;) into (59) and (60) gives

. Ml . M2
qi1 = —-2i (ﬁ) s qr = —2io (ﬁ) . (62)

where M = |(Mj;)y x n| and

My - My Iyl My -+ My |yl
M= - : Sl My . : o

Myy -+ Myn  lynh My -+ Myy  lynh

il -+ w2 0 vils -+ {ywnlz 0

where (y;|» and (y;|3 are the second and third components of (y;| and (y;|, respectively.
To obtain the explicit formulae for N-soliton solutions, we may take

exply; +18]
|yl> = a s
by

where
yj =6mj(x —6v;t), B; =—-3v;x+ 9(1)]2 o 4m?)t’

2 2
mj=2¢irEjr, V=g —&;

a; and b; are arbitrary complex numbers, and the subscripts R and / of ¢{; mean taking its real and
imaginary parts, respectively. Then the general N-soliton solution of system (2) can be represented

as
(M, . (M,
= —1| =< . = —10 | —< N 63
q (M )X 7g) (M )X (63)
where
My - My exp(yi +iB1) My - My exp(yi +iB))
i, = A: . A: : 7 i, = R K : ’
Myy -+ Myy exp(yy +iBn) Myy -+ Myy exp(yy +iBn)
ar oo al 0 bY e DY 0

and[\? = |(Mlj)N><Ni with

i Crolger D 4 ot atar + o biby)]
j = " .

Comparing with the soliton solution formulae obtained here and those constructed by Darboux
transformation in Ref. 14, it is clear that Eq. (63) are much simpler.

In what follows, we will investigate the properties of the single soliton and N-soliton solutions
in more details.




073506-13  B. Guo and L. Ling J. Math. Phys. 53, 073506 (2012)

A. Single-soliton solutions

To obtain the single soliton solution, we set N = 1 in formula (63). The solution so obtained by
the Riemann-Hilbert method, which is consistent with Darboux transformation,'* reads as

CA Y ik [ ! ] a (64)
q2 111> Laien P + ¢ (lai)> + o by |P)en=b | \obr )
or
ig1
q1 _ 0Z1rG11 laile ©5)
% 81\/|§1|2 cosh?(yy —Inéy) — ¢, \@ Dl
where §; = /|a;|* + o|b;|? and
¢ = i |:a’f(§18%e—1’l + Cl*eyl)B] + B+ 3
2 Lai(gpsle ™ + gren)’ 277
Yy = i In [b]k(mlze_yl +éer )3] + B+ En
2 bl({]*(slze_y‘ + g1en )3 27

Thus, the velocity for the single soliton is vy = 6[¢%, — ¢Z 1, and its center both for |¢;|* and |¢,|?
locates on the line

In 31
x — 6ut — =
121’)11
The amplitudes associated with |g;|> and |¢,|* are given by
36la1|%¢], 36b ¢}
Alg) = —5——11o Alg) = —5——1L,
lai|* + o |b] lai|* + o|b1]

respectively. We remark that this soliton solution has two interesting properties which distinguish it
from the standard NLS soliton. First, the soliton has nonzero phase difference at its limits. Indeed,

{l* -
— € s — 400
e +alal +olber fat Y

[Cre" + ¢ (|lai > + o |by [P)e 7 ]?

{%e’”‘, Yy —> —00
1
it follows that

arg(q1(y1 — —00)) — arg(q1(y1 — +00)) = 6arg(¢1) # 0,

arg(qz(y1 — —o0)) — arg(qa(y1 — +00)) = 6arg(¢;) # 0.

Second, the important invariant of the cDNLS equation, namely, number of particles fj;o(|q1 2
+ |g2|*)dx, has the upper limit

/-+oo lai|* + |b; |2 lai|* + |by |?

(g1 + lg21")dx = Garg(s1) < :
o0 lai > + o b1 |? lai|* + o|b1|?
These properties of the cDNLS soliton resemble those of the dark NLS soliton, which also has
nonzero phase difference and relation between the optical energy and the phase difference.!’

B. Interactions between N solitons

Now we move onto the analysis of the N soliton solutions interactions and discuss the variations
of their positions and amplitudes. We will follow the method of Faddeev and Takhtajan.’ Assuming
V] < vy < --- < vy and keeping x — vxt = const, we now study, as t - — oo and t - + 00, the
asymptotic behavior of the kth soliton, the soliton of velocity vy.
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We first consider the case t — — co. The analysis relays on (57), i.e.,

o~

Oy =TTy TesiTmr - Th. (66)
For |y;) (1 <1 < N), we assume
exp(y; +1iB:) 1
fori <k:l|y;) = a; , andforj >k :|y;) = | a;jexp(—y; —iB;)) |, (67)
b; bjexp(—y; —1B;))
which provide
0 1
fori <k: |y,~)_=t1im lyiy=1a |, andforj>k: |y;)-= lim |y;)=]0 (68)
——00 t——o0
b; 0
With the help of above |y;) _, we arrive at
. 0 0«
[+ D), it <k
TN O P
T, = 1 0 0
I+ 0 o, ifisk
n*—n;
0 0O
where
S wi)(wilA =i 5 n =5
= ) = (14 S R ) (1 1P ) ),
T (wil Alw;) nt—n? =i
PO o= (M) o= =
= s i) = y w = s wi| = |w;) .
0 o y bi : yl
For i = k we have
Py Ci  03Cros  ~
To=1+—— - 2722 = |z)(wilB,
n—n; n—+n;
where
a 0 0
) =10 —& 0 |lw), |w)=TwTvor- Te1Teor-T1) b=y,
0 0 —a*
G — =0 _
nk({(wi| Bos|wy) — (wi| Blwy)) — n; (wi| Bos|wi) + (wi| Blwg))
Thus using (66) and taking the limit we are lead to
(‘Il»k(t - _OO)> _ 6Lkr k1 ('Eﬁ"eid)k') (69)
_ - boleiVe— |’
@4t = =09 |5 o cosi (e — Indy ) — ¢y \Pele™
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where 8, _ = +/|@x|? + o |bi|?,

i [@r@e? e +greny] 3
$p—=—=In| ——= : + B+ o,
2 a (G o e + Leev)? 2
i[5 @st e+ greny] 3
Vi - =—51n| = I; £ + B+ o7,
2 b (g8, _e e + Lieve)? 2

and

a\ mi-nd  m-ng, U S i’ —nt 5 [ %

~ 1~ 2 2 T2 2 I+ —5 a D)1+ — 2 b :

b Me — My M — M1 M — M e — M by
Therefore, the relevant data for the kth soliton follow. Its velocity is vy = 6[{xgr — k1], the centers
both for |g; x(t — — 00)|? and | ¢, x(t — — 00)|? locate on the line

In 8](,,

x — 6yt — =
12mk

)

and the amplitudes related to |¢;(f — — 00)|? and |g2(r — — 00)|? are given by
36|axlc

—_— =
lax > + o|by)?

3616 12

Alg it — —00)) = G2 +olb?

A(g24(t — —00)) =

respectively.
Next we turn to the case t — 4 oo and take
1 exp(y; +iB;)
fori <k: |y;) = | aiexp(=y; —iB;) |, andforj > k: |y;) = aj , (70)
bi exp(—y; —iB;) b;
so that
1 0
fori <k : |y,~)+ztlim lyiy=101], andforj>k: |y,-)+ztlim lviy=1a; |- (71)
——00 : ——00
0 b;
Above formulas may be employed to find the limit of ® | represented by
o, =TTy Ten oo T, (72)
Indeed, T, ’s are given by
1 00
*2__ 2 .
I+Z;7WZ§ 0O 0 0], ifi <k
T, = 0 0 0

where

=~ w;)(w;|A

By = WA et =
J <wj|A|wj> ) J JI o J b] ’

M= 0y~ Mt ~ i1 5~
wy) = (1+-—2=P ) [T+ P | 1y)).
j j = Mt
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Finally, |y;) reads as

Ci 03Cy03

Te=1+—— =, Cr = |z (wi B,
n—n; n—+n;
ap 0 0
lze) =10 —a™ 0 [lw), |wp)= (TNTNfl T Ty - T1) ln=ne | Yk,

0 0 —a*

2 %2
&;c _ N — Mg .
nk({(wi| Boz|wy) — (wi| Blwi)) — n; (wi| Bos|wi) + (wi| Blwg))

Therefore, by means of (72) we obtain

(‘Il,k(t - +°O)> _ 68kr k1 <|a~k|ei¢k'+> (73)
= ~ l'l/fv b
@2kt > +09) |5 e cosh (e — Inde ) — gy \Pele™

where 8 4 = /1|2 + o |bi |2,

i@t e +greny ] 3
br+ =—5In| —— ]2(’+7 - 7| Tht 5T
2 ax (g (Sk,Jre Yk + Lrerr) 2
C s _
i | b (b e+ gren)? 3
VARSI EO L LR iy
2 b(g] 5k’+e %+ e )3 2

and

ac\ _m-mZ,  mp—up U M~ My | (M
~ ] 2 ) s+ o)L+ — = Prr :
by Me = Mi—1 e —Mh Ne — NN Me — e bk

Equation (73) allows us to read off the relevant data for the kth soliton at this limit. Explicitly, its

velocity is vy = 6[{kr — k1], the centers of |q; ((f — + 00)|? and |g2, k(t = + 00)|? are along the
line

Iné
x — 6yt — 2%+ =
12mk

and the amplitudes for both |g;(t — + 00)|? and |g2(t — + 00)|? are given by

36| 2 36|bi | 2¢hs

A(qi it > +00) = ———=—, A(@it > +0)) = —=—,
lax > + o |b)? lax|*> + o |by|?

respectively.
Therefore, the position variation of the kth soliton (either for g; or ¢») is
1 @ + o |bi 2
A)Ck = o ~ s
128krSkr | |ax|* + o by |?

and the amplitude of |g;|? changes from
36lar|* ¢ © 36|k |*Cur
|ax | + o | bi |2 |x? + o |bi 2
and for |¢;|? it changes from
6biPay o 361bi g
|ax|> + o |bi|? |ax|? + o b
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As a final remark, it is pointed out that, since the DNLS system is a reduction of the cDNLS
system, we may obtain the asymptotic behavior for the former. In fact, assuming b, =0 (k = 1, 2,
., N), we have from (69)

6Lkr ki€

q1x(t - —00) = , (74
I cosh(ye — Indy ) — ¢,
where &8 _ = |ax|,
i | @t Gdp_e "+ gren)? 3
- =—5In| =3 ‘ + B+ 57,
2 (G 8 _e v + Lren)’ 2
_m-N MWLM i m—m
e o R R R Ber, R, R L
Ne — Ny Me = M1 Me — M Me — M
And from (73) we get
6 eir+
g4t — +00) = Ek Gkt , (75)
1.1/ lael? cosh®(y — Indy 1) — €2,
where & = |ax|,
i | @ (s e+ gren ) 3
Gy =—5In| — 2 £ = |+ B+ 5,
2 ax (& 6k,+e Ve + Lpevrr)? 2

2 2 2 2 2 2 2 2
G M Ty T M T M T
) 2 2 2 2 2 2 2 :
M= M= Mep M~ Mo Me— M

The position variation of kth soliton is simply written as

1 & — ¢}
Axy = —— In
T St ,»;H ‘(ck i35

"Z &2 —He;
€ — 42)4*2

j=1

In particular, when N = 2 and v; = v, namely, two-soliton solution case with specific velocities,
the width for two-soliton changes periodically with the time, as for the nonlinear Schrodinger
equation,’ this solution is called a “breather.” The temporal period of this breather is 7 /[18[m?

2
— m3]].

V. COUPLED FOKAS-LENELLS EQUATIONS AND N-SOLITON SOLUTION

The purpose of this section is to derive a coupled Fokas-Lenells equation and give its simple
N-soliton solutions. In fact, the Fokas-Lenells equation itself is related by a gauge transformation to
the first negative member of the integrable hierarchy of the derivative NLS equation.'! The initial-
boundary value problem for the Fokas-Lenells equation on the half-line was studied by Lenells and
Fokas in Ref. 12. A simple N-bright-soliton solution was given by Lenells'? and the N-dark soliton
solution was obtained by means of Biicklund transformation.?! We first consider the negative flow
for the Kaup-Newell hierarchy and recall the derivation of the Fokas-Lenells equation. Thus, instead
of (7) we do the following expanding:

B a bi 1-2i
(e)=2 ()

and Ag = —aDy = — ¢ ~?Bi, then we obtain the hierarchy from (6)

i<q> + B+ (L) <q> —0. 77)
r r
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Introducing potentials

and taking N =1, « = 2 and B = 3, we arrive at the first negative flow

1
37
Uy, = 3u — 2iuvu,, (78a)

Uy = 3v 4 2iuvv,, (78b)

which, under the reduction v = u*, is nothing but the Fokas-Lenells equation21

Uy — 3u + 2i|u)?u, = 0. (79)
Remark: In Refs. 11-13, the Fokas-Lenells equation was given as
Ver + ¥ — e — 2 — il Py =0, (80)
which, by the following gauge and coordinate transformations
2 4 1
u(x, 1) = %1//(5, e, x = FE+D. r=-1

may be converted into (79).
The Lax pair for this system (78) are

O, =UP, U =ict’op+ictUy, (81a)
| 1 N
CDZ =V, V = _?10—0 + EO’?,U] - 10'3U1 s (Slb)

where

U = .
v O

As in the case of the N-component DNLS discussed in Sec. I, we modify the relevant matrices and

introduce
-2 014 0 7
oy = b 9 Ul = )
Onx1 Inxwn u Oyxy

whereu = (u;, us, ..., uy)" andv = (vq, va, ..., vy)T, then the N-component Fokas-Lenells equa-
tions are resulted from the compatibility condition (81). With the further reduction relationv = AT u*,
we obtain

u,, — 3u+i(uu’Au+ uu’Au,) = 0. (82)

For simplicity, we merely consider the simplest non-trivial case, the coupled Fokas-Lenells system.
The matrices U and V in the spectral problem are given explicitly by

U =if%0p +i¢U,y, (83a)
1% L, +1 U, —io3U? (83b)
= ———10 —0 — 10 s
302 0 c 3U1 3Uy
where
0 u; u

U1 = V1 0 0
(%) 0 0
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The corresponding coupled Fokas-Lenells equation under the reduction v; = uj, v, = ouj reads as

- 2 2
Uy = 3uy —iQluy|"uy x + ouluius y + olua| uy y), (84a)

U = 3ur — Q0 lual*ua x + wfusuy  + lug ). (84b)

Since the coupled Fokas-Lenells system shares the same spatial part of the spectral problem
with the cDNLS system, we can easily find the former’s N-soliton solution, which is given by

M, . M, 85)
u = -1, U = —10 —~-,
! M M
where
My - My exp(y +iB1) My - My exp(yi +ip)
it = ~: : ~: : 7 it = K Lo : ’
My, -+ Myn exp(yny +iBn) Myy -+ Myy exp(yy +iBy)
ar o al 0 bY o DY 0

and M = |(My;)yxy| with

g Salgter TR + (P ajan + bib)

lj 2 2
Cf — g

9

yi = 6m;(x +v;0), Bj=—3n;(x —v;0), v;' =3[Re*(;)+Im*())],

m; = Re(¢)HIM(E;), n; = —3[Re*(;) — Im*(¢))].

VL. DISCUSSIONS

The inverse scattering method has been applied to the cDNLS system and by studying the
associated Riemann-Hilbert problem, we have successfully constructed a simple representation for
the N-soliton solutions for this system. It is remarked that we merely considered the simple zeros
for s1; of the scattering matrix. The more general case — the case of multiple zeros would lead to
more general solutions and may be studied in the future.

For cDNLS system, we were considering the solutions with vanishing boundary conditions. A
modification of our analysis may supply certain solutions corresponding non-vanishing boundary
conditions. What we need to do is to seek the Jost solutions of the spectral problem (14) with ¢; and
q» as plane wave solutions.
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