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We construct explicit rogue wave solutions, breather solitons, and rogue-bright-dark solutions for the coupled

non-linear Schrédinger equations by the Darboux transformation.
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The coupled non-linear Schrodinger (CNLS/NLS)
equations are a significant model in areas such as non-
linear optics,!! bio-physics,[?! multi-component Bose—
Einstein condensates at zero temperature,’! financel*!
and oceanics.l”) However, they become integrable for
a special choice of the parameter (Manakovl’! model).
On the other hand, the Manakov model has appeared
in a Kerr-type approximation of photorefractive crys-
tals. Therefore this equation can explicitly describe
some physical phenomena. There is lots of the re-
search about these kinds of system.!” ]

In this Letter, we consider an integrable coupled
Schrédinger equation

iq1t + qrzz + 2(Jq1]? + |g2/*)q1 = 0, (1a)
ig21 + G2az + 2(Jq1* + |q2]*)q2 = 0. (1b)

The integrability of this system was proved by
Manakov, which is here named as the integrable
Manakov!? system. Recently, the rogue wave phe-
nomenon was popular in nonlinear science. Rogue
waves are strong wavelets that may appear in the
ocean when special conditions are met. These waves
can be two, three or even more times higher than the
average wave crest. Rogue waves are also known as
freak waves, monster waves, killer waves, giant waves
or extreme waves.'”! The first-order rational solution
for the nonlinear Schrédinger equation was given by
Peregrine in 1983.1'! The rogue wave of the NLS equa-
tion was derived by Darboux transformation.['” Re-
cently, we constructed some general rogue wave solu-
tions by the Darboux-Liouville transformation.["*] Tt
is well known that there have been lots of results about
the rogue wave for nonlinear Schrédinger equations.
However, to the best of our knowledge, there are no
reports on exact solutions related to the rogue wave
solution of the coupled Schrodinger equation. Here
we also obtain the new breather solutions and bright-
dark-rogue solutions as a by-product.

The Darboux transformation!'*~'" is a powerful
method to construct some interesting solutions (soli-
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tons, positons, rogue wave solution) in the integrable
system. The goal of this work is to use the Darboux
transformation to construct the rogue wave solution,
breathers and bright-dark-rogue solution. These spe-
cial solutions may play an important role in the re-
search of some physical phenomena such as BEC or
nonlinear optics.

Firstly, we construct the rogue wave solution by
the Darboux transformation. The system (1) admits
the following Lax pair

@m:U¢:[1<U1+UQ]¢, (2&)
&, =V & = [3iC2U; + 3¢Uy +i03(Up . — UJ)| P,
(2b)
where
0 @ g
Uy=|(—-at 0 0],
- 0 0

U, = diag{—2,1,1}, o3 = diag{1,—1,—1}, and @ is
a 3 X 3-matrix valued eigenfunction, ¢ is a spectral
parameter. The compatibility condition of the Lax
pair (2) gives the CNLS (1). It is well known that the
Darboux transformation[”>'% for this system (2) is

_ b 9
.

T=¢ -7 - —Q)P], P (3)

where & = &(x,t,(1)(my, ma, m3)T, my, ma, ms3 are
constants, I is a 3 x 3 identity matrix and &(z,t; 1)
is the fundamental solution for the Lax pair eqaution
at ¢ = (1, ¢; = ¢;[0] (i =1,2). Tt follows the transfor-
mation between the fields,

D105

|12 + |2]2 + (03]’
193

|12+ |p2] + |@s]?’ (4)

@[1] = q1[0] + 6Im(¢y)

¢2[1] = ¢2[0] + 6Im(¢y)

where (1, ¢2, ¢3)T = &1.
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We start from the seed solution-nonzero plane
wave solution. We denote them as

02[0] = c2explifa],  (5)

where 0; = d;x + (2¢7 + 2¢3 — d?)t with ¢; and
d; (i = 1,2) being arbitrary constants. However, these
Lax pair equations are variable coefficient differential
equations. We can not directly solve them. Luckily
we can convert this system into constant coefficient
differential equations by a gauge transformation. In
the following, we give the transformation for the Lax
pair equations (2) at ¢1 = ¢1[0] and g2 = ¢2[0]. We
can obtain

U, = (MUM™'+ M, M YO =U, 0,
U= (MVM™ + MM~ o =V, 0, (6)
where ¥ = M®, M = diag{exp[—5(61 +

02)],exp[%(291 — 92)],exp[%(202 —61)]}. Simply com-
puting, we have

q1[0] = ¢1 explify],

X11 C1 C2
Uy=|-c x2 0|,
—c2 0 xs3

2
Vi, = iU - [g(d1 +do) — 2G,]U, + ml, (7)

X11

. i
—21C1 — g(dl + dg),

i i
X22 = i1 + 5(2611 —da),

X33 =1G1 + %(de —dy),

where m = 2i¢ + 2 (c + ¢3) + 2 (df — dida + d3) +
%(dl + d2). In Refs. [7-9], the authors consider the
solution when the characteristic equation for U; has
a single and double root. Indeed, the characteristic
equation for U; can possess a triple root. Our work
is looking for the solution for this special assumption.
Equations (6) are the constant coefficient differential
equations. In order to look for the “rational solution”,
we choose the parameters to satisfy a = do+3e1, e; =
Re(¢1), di = da —2a, ¢ = 20, ¢ = 2, Im(() =
+v/3a, dy and Re((1) are arbitrary real numbers. The
matrix U; cannot diagonalize and can merely decom-
pose with the Jordan form with the diagonal element.
Therefore the fundamental-solution matrix for Lax
pair equations (2) at ¢ = (1, ¢; = ¢[0] (i = 1,2)
are ®(z,t;¢) = M~16O,

w11 40427 + 2v/3a 4o
0= wae —22(V3—-i)y—2a —2a%(V3-1) |,
w1z —20%(V3+i)y —2a —2a%(V/3 +i)

40%(y? + 2it) + 43y + 2,
@1z = —2(V3 — i)’ (y* + 2it) — da,
—2(V3 +1)a?(y? + 2it) — 4oy,

g
I

g
I

where v = 2+2v/38it, and 8 = a—iv/3e;. In what fol-
lows, we use the Darboux transformation (4) to derive
the rational solution for CNLS (1).

(1) Rogue wave I. Choosing the parameters m; =
0, my = 1, mg = 0, we obtain the one rogue wave I by
the formula (4)

ql[l]:a{—l—i\/g

N —600v/3 — 36ta®V/3 — 3 +i(3602t + 65a + 5\/3)}
120262 + 85ar/3 + 1441204 + 5

- explify],
q2[1] :a[— 1+iv3
—60av/3 + 36ta®V/3 — 3 +i(360%t — 65 — 5\/3)}

120262 + 85av/3 + 1440442 + 5
- explifa], (8)

where 0 = x + 6e;t. This kind of rogue wave solution
is similar to the first-order rogue wave solution for the
nonlinear Schrédinger equation.['”]

(2) Rogue wave . Choosing the parameters m; =
1, mo = 0, mg = 0, we obtain the rogue wave Il by the
formula

Gy +iH
all] = al-1-iv3 + 2 explify],

wll] = al-1+iv3 + %} explifs],  (9)

where

D = 1728a5t* 4 288a562%t% + 384v/3a°6t? + 12a15*

+ 4320*% + 16v/3030° + 240262 + 4v/3a0 + 1,

G1 = — 864V/3a5t® — 144V/3a°5t% — 72v/3a4 6%t
— 2160Mt? — 12v/30%6% — 1440°6t — 180262
— 1230t + 3,

Go = + 864v/3a%t — 144V/3a°6t% + 72v/3a% 6%t
—216a*t? — 12v/30°6° + 144036t — 180252
+ 12v3a%t + 3,

Hy =+ 86405t® 4 1440°6t% + 7204 6%t + 3123/3a* 12
+ 120383 + 963035t + 18v/3a25% 4+ 108a%¢
+ 1208 + /3,

H, =+ 86405t% — 1440° 6t + 720 6%t — 312¢/3a* ¢
—12036% + 96v/3at — 18v/30%6% + 1080t
— 1206 — V3.

Choosing the right parameter, the pictures for |q;[1]|?
and |gs[2]|? are shown in Fig. 1. They have different
behaviors to rogue waves of NLS.['”l Indeed we can
combine the three vector solution to obtain the new
rogue wave, but we cannot obtain any new kinds of
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solution except the above two kinds. The rogue wave
we obtained is different from Ref. [4] by a symmetry
analysis, which is nothing but the rogue wave of NLS
at different altitude.

57 =8

Fig. 1. Different behavior of |q1|% and |g2|? besides the

altitude for the parameters e; = %, d1 = 0.

—0.5 1 —57=5

Fig. 2. (a) and (b)] with parameters ¢ = —2,d = 0,(; =
25A01 = 1 —V5,71 = 7@ = K1 = ka = 0; and the
bright-dark-rogue solution [(¢) and (d)] with parameters
c=d=1,¢c1 =c2=c3 =1.
We can easily obtain the following relation for
those rogue wave solutions,

| Gt~ 10z =0,

— 00

/ (lg2[1]]* — 4a®)dz = 0. (10)
This means that |g;[1]|? and |g2[1]|? are equally above
and below the background.

Moreover, we consider another interesting case:
one is a zero solution and the other is a plane wave so-
lution. It is interesting that we could obtain breather
solutions, a bright-dark solution and a bright-dark-
rogue solution by this choice. In what follows, we start
from the seed solution ¢1[0] = cexplif], ¢2[0] = 0,
where 0 = dx + (2¢ — d?)t. Similarly, we take

M = diag{1,exp[if], 1}. Then we can obtain the fol-
lowing results

—2iC1 c 0
Ul = —C lCl + ld 0 5
0 0 iG

Vi = iU? + 26U, + 2i(¢ + ¢%) — diag{0,0, 2ic*}.

The characteristic equation for Uy is (A — i¢1)[(A +
2i¢1)(A — i¢1 — id) 4+ ¢?] = 0. Then we would classify
the characteristic equation into two kinds that differ-
ent solution behaviors will exhibit.

Case I: single root. Assume that the characteristic
equation of matrix Uy has three distinct roots. Denote
them as i(y, A1 = 3[—(+d++/9¢% + 6(1d + d? + 4¢?],
A2 =i(d— ¢1) — A\1. Finally, we obtain the fundamen-
tal solution for the Lax pair equations @(z,¢;¢1) =
M-'QQ,

0 c A1+ 2i¢
RQ=(0 M\+2G c :
1 0 0
ciCiz+3icit 0
= 0 K22 0 5

0 0 K33

Koa = exp{ iz + [IN? + 2C M\ + 2i(¢F + )]t}
ka3 = exp{ Aoz + [IA] + 2¢1 A2 + 21((F + )]t}

Substituting the solution to the formula (4) and
taking the parameters m; = 1, mg = €M%, mg =
e tir2 (7, k; (i = 1,2) are real numbers), we could
obtain the breather solutions for the CNLS equa-
tion. This kind of solution is a periodic function or
a quasi-periodic function. Taking the proper param-
eters, then Figs.2(a) and 2(b) exhibit the dynami-
cal behavior of the solutions ¢;1[1] and ¢2[1]. When
Re(¢1) = Im(A1) = d = 0, the solution is a time peri-
odic function and the period is 27 /|d? — Im(¢y)?|.

Case II: multiple roots. Assuming (; = —1(d+2ic),
the characteristic equation for U; has a double root. It
follows that the fundamental solution for the Lax pair
equations at (1 = —%(d—l—Qic) is ®(z,t;¢1) = M~1Q0,

0 —c 1
Q=10 —c 0],
1 0 O
0 0 exp(n1)
=1 exp(n2) [z —2(d+ic)t]exp(n2) 0 ,
0 exp(n2) 0

1 1
m = 3(2c =id)a+ g[-dcd+i(d” — 4],
o = %(—c + 2id)z 4+ %[2“1 +i(5¢® — 2d%)]t.

Substituting the solution into the formula (4), we
could obtain the bright-dark soliton and bright-dark-
rogue solution. If we choose the parameter c3 = 0,
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it follows that ¢;[1] is the rogue wave solution for the
NLS equation and g¢2[1] = 0. In the following, we
consider the other two non-trivial cases.

Case 1: Taking the parameters m; = 1, my = 0,
mg3 = ag + bsi, we obtain the dark-bright solitons,

3 .
q1[1] :ctanh(imr + ) exp(if),

3
@[1] = — 4c*(as + ibg)sech(imr + )
~expli(dz + (3¢2 — d*)t)],

where 71, = %(z — 2dt) and p = %111(@%?3). It is

interesting that we can obtain the bright-dark solition
solution in the focusing behavior and anomalous dis-
persion fibers.

Case 2: Taking parameters m; = a1 +b1i, ms = 1,
mg3 = agz + bsi, we have
ail1] =e{1 - 4[a? + o3 — a1 + ias] exp(-m,)

. {[2(0@ +a3) — 201 + 1] exp(—n1,)

+ (a +b2) exp(2171r)} } exp(if),
@2[1] = — 4cfaz(ar — 1) — byaz + i[azas + bs(ag — 1)]]
- eXp[%T]lr +i(de + (3 — b))
{[2(0f + 03) — 201 + 1 exp(—nn,)
+ (0} + ) exp(m,)}

where oy = ajc+c(x —2dt), as = byc—2c?t. We plot
the picture for this kind of solution by choosing the

right parameters (Figs.2(c) and 2(d)). This kind of
solution behaves like the nonlinear superposition for
the rogue wave solution and bright-dark soliton solu-
tion.
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