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The dynamical model of a nonlinear wave is governed by a partial differential equation which is
a special case of the b-family equation. Its traveling system is a singular system with a singular
straight line. On this line, there exist two degenerate nodes of the associated regular system.
By using the method of dynamical systems and the theory of singular traveling wave systems,
in this paper we show that, corresponding to global level curves, this wave equation has global
periodic wave solutions and anti-solitary wave solutions. We obtain their exact representations.
Specially, we discover some new phenomena. (i) Infinitely many periodic orbits of the traveling
wave system pass through the singular straight line. (ii) Inside some homoclinic orbits of the
traveling wave system there is not any singular point. (iii) There exist periodic wave bifurcation

and double anti-solitary waves bifurcation.
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1. Introduction

Many authors have studied the b-family equation.
Up — Uzt + (b4 Duuy = bugtg, + utiyey. (1)

When b = 2, Eq. becomes the CH equation
formulated by |Camassa and Holm [1993], showing
that there are peakons in the equation. [@]
found coshoidal waves in the CH equation. Con-
stantin and Escher [|l9_9_8] discovered wave breaking
phenomenon in the CH equation. Constantin and
Strauss HZODﬂ roved the stab1hty of peakons for the
CH equation studled the integrability
of the CH equation. d1scussed the
CH equation and related models for water waves.

When b = 3, the b-equation reduces to the DP

equation given by [Degasperis and Procesi [1999].

Lundmark and Szmigielski [2003, [2005] gave an

inverse scattering method for computing the n-
peakon solutions of the DP equation and obtained
concrete expressions of the 3-peakon solutions.
Chen and Tang [2006] confirmed that the DP equa-
tion has kink-like waves.

The solutions of the b-equation were investi-
gated numerically for some values of b by Holm and
Staley [2003]. For arbitrary b > 1, |Guo and Liu
m proved that Eq. ( |£ has per1od1c cusp waves
with explicit expressions. presented an
Euler—Poincaré formalism of the DP equation.

To investigate the bifurcation of the peakon

waves, [Lin_and Qian [2001] proposed a generalized

CH equation

2
— Ugpzt + AU UL = 2UpUgy + Ulgyy-

(2)

up + 2kuy
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Similarly, to study the change of peakons,
Wazwaz [2006, [2007] suggested a generalized DP

equation

Up — Ut + AP0y = BUpUpy + Ulgey (3)
and another type of b-family equation
Up — Uggr + (b + Dty = bugpy + Wigee.  (4)

Since the CH and DP equations possess com-
plex structures and properties, many pioneers were
interested in their modified forms [Eqs. (@)—(@)].
Tian and Song [2004] presented physical explana-
tion for Eq. (). /Shen and Xu [2005)] studied the exis-
tence of some traveling waves for Eq. (&). Denoting
¢ as the constant wave speed of traveling waves, for
some special values of ¢, the explicit traveling wave
solutions were searched for Eqs. (@) and (B). When

c=1, obtained a singular wave solution
composed of triangular functions for Eq. (2). When
c =1 and c = 2 respectively, gave 11

explicit traveling wave solutions consisting of trian-
gular functions or hyperbolic functions for Eq. (2,
and Liu and Ouyang | obtained a peakon solu-
tion formed of hyperbolic functions for Eq. (2)). He
et al. | employed the bifurcation theory to get
some solutions for Eq. (2)). When a = 3, Liu and
Liang ﬂ2QL1|] studied some nonlinear waves and their
bifurcations for Eq. ([2). When ¢ = 5/2,

[2007] got nine exact solutions for Eq. (). Besides,
Liu and Ouyang ] gave a peakon solution for
Eq. @). [Zhang et all [2007] employed the bifurca-
tion method of dynamical systems to show the exis-
tence of some nonlinear waves for Eq. (2). Wang and
Tang [2008] obtained the exact solutions for Eq. (2)
when ¢ = % and ¢ = 3 respectively, and gave two

explicit solutions for Eq. (B)) when ¢ = % and c =4

respectively. [Yomba [2008a, 2008h] presented two
methods to find the explicit traveling wave solutions
for BEgs. @) and (3). [He et all [2008h] utilized the
method of dynamical systems to give some exact
solutions for Eq. (3). [Liu and Tang [2010] investi-
gated the bifurcations of periodic wave solutions for
Egs. @) and (3).

When the wave speed ¢ = 252, Wazwad [2007]
obtained two soliton solutions for Eq. (). When b >
1, i m studied the coexistence of multifarious
exact_solutions for Eq. (H). When b # 0,—1,—2,
\Chen et all [I2Qld] studied the periodic waves and
their limit forms for Eq. (). When b > 1, Yang
et al. L2Q]ﬂ] studied the existence and bifurcation
of peakons for Eq. (@) of high order.

In this paper, we consider the case of b = 0 in
Eq. @), that is, the equation

Up — Uyt + U Uy = Uy (5)

Using the qualitative analysis and bifurcation

method of dynamical systems (see [Li & Chen, 2007,
12013; [Li_et all, 2016; [Lin & Yar, [20_13] for instance),
we discovered some interesting properties which are
rarely seen in the literature.

This paper is organized as follows. In Sec. 2,
we derive the traveling wave system of Eq. (@) and
investigate its bifurcations in phase portraits. In
Sec. Bl we calculate the exact representations for
solitary wave solutions and periodic wave solutions.
In Sec.[d a short conclusion is given.

2. Bifurcations of Phase Portraits
for the Traveling Wave System
of Eq. (B)

In this section, we describe traveling wave system
and study its bifurcations of phase portraits for
Eq. (B). Let £ = x — ct. Substituting u = ¢(&) into
Eq. (@), and integrating once, we have
" o__ 1 3 1 N2

(p =) =g —w+ 20"+ 5(¥), (6)

where ¢ is an integral constant.
Equation (@) is equivalent to the planar dynam-

ical system

de dy 9-¥+3¥ Ty .

d_§ =Y, d_§ - ) ( )

p—c
with the first integral

21 4

(pyicf§g02f§cg0+2(lfc)cln\gofc\
2(3g — 3¢ + ¢

L2893 )y 8)
3(p—¢)

Clearly, system (7)) is a singular nonlinear traveling
wave system of first class as defined in
2007] and [Li, [2013] with a singular straight line
p=c.

In order to find the exact solutions of sys-

tem (), we next assume that ¢ = 1. Thus, sys-
tem (7)) becomes

1
3
p—1

P R
dy 9-9t3¥+gy

e

dp _
dg_y’

;9
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with the first integral

1 4 4
Y -0’ =0 et 29 - o

3 3 3
(10)
We study the associated regular system of sys-
tem (@) as
dp
L 1
. — Y@ -1,
(11)
dy L g 1o
P + 3% + 2Y

where d7 = % for ¢ # 1.

Notice that both systems (9) and (1)) own the
same first integral as ([[0). But, these two systems
define different vector fields. On the left side of the
straight line ¢ = 1, the direction of the vector field
defined by (@) is just inverse with the direction of
the vector field defined by (IIl). The straight line
@ = 1 is a solution of the first equation in system
(1), but is not a solution of system (@).

To investigate the equilibrium points of sys-
tem (), we write that f(p) = ©> — 3¢ + 3¢g. If
©e s a real zero of f(y), then system (II]) has the
equilibrium point E, (g, 0).

For given parameter g, we will utilize the fol-
lowing notations:

1 2
o = 5(129 +4m)%7 when g > §7 (12)

V4 —9g?

2
02 = Ta when [g] < 3 (13)
1 1 2
03 = 5(—129+4\/992 —4)3, when g< —3
(14)

1 2
2 cos §(7r+arctan02) , when 0<g< 3

V3, when g = 0,

1 2
2 cos garctan Jg] , when —3 <g<0,

1 2
— + o3, when g < ——,
g3 3

(15)

Bifurcations and Ezxact Solutions in a Nonlinear Wave Equation

1 2
p= 5(—04 +v3(4—a?)), when |g] < 3 (16)
1 2
VY=—— —01, Whengz__7 (17>
o1 3
2
ay, = —2a—3, when g < 3 (18)
2
B« = =20 —3, when |g| < 3 (19)
and
2 2
Yo = 2<§—g>, when g < 3 (20)

Thus, the following conclusions hold:

(i) When g < —2, f(¢) has only one real zero

point ¢ = a.

(ii) When g = —%, f(¢) has two real zero points
p=a=2,=y=-1.

(ili) When —2 < g < Z, f() has three real zero
points ¢ = a, 3, 7.

(iv) When g = 2, f(p) has two real zero points

(v) When g > %, f(¢) has only one real zero point
p=+.For 6 >g> %,Write

\/60g — 36 — 992

_ 21
o TR (21)
1
a; = —1+4cos [g(w + arctan 04)} ) (22)
1

By = 5(—3 —ap + \/45 —6a; —3af) (23

and
1

M= 5(-3—a1— /15— 61 —30}).  (24)

Let M (pe,y.) be the coefficient matrix of the
linearized system of system (III) at an equilibrium

point Fe(pe,ye) and J(pe,ye) = det M (e, ye)-
Then we have

J(¢e;0) = —(pe — 1)2(906 +1),

J(1, Fyo) = y3. %)

By the theory of planar dynamical systems (for
instance, see ﬁ, é!)lﬂ]), we know that the dis-

tributions and properties of equilibrium points of
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]-—‘Ct*

Fig. 1.

system () are as follows:

(1) When g < —%, system (I)) has three equilib-
rium points («, 0) and (1, Fyp). (a, 0) is a saddle
and (1, —yo) is a stable degenerate node, while
(1,y0) is an unstable degenerate node.

(2) When g = —%, system (II]) has a double equi-
librium point (—1,0) and a simple equilibrium
point (2,0) and (1, $¥). (2,0) is a saddle
point; (—1,0) is a cusp and ( ,—%g) is a stable
degenerate node, while (1, %) is an unstable
degenerate node.

(3) When —2 < g < 2, system () has five sim-
ple equilibrium points (v,0), (3,0), («,0), and
(1,Fyo). (v,0) is a center; (3,0) and («,0) are
two saddles and (1,—yg) is a stable degener-
ate node, while (1, 1) is an unstable degenerate
node.

AN

(e)6>g>3 (f) g>6

Bifurcations of phase portraits of system ().

(4) When g = 2, system (II)) has a high-order equi-
librium point (1,0) and a center at (—2,0).

(5) When g > 2, system (II) has a simple singular
point (v,0) which is a center.

From the above discussion, we obtain the bifur-
cations of phase portraits of system (1) as shown
in Figs. [(a)-If).

Corresponding to the phase portraits given by
Figs. M(a){Ilf), when h varies from —oo to oo,
the curves defined by H(p,y) = h in (I0) are
changed. Figures 2HBl show all possible cases for
—00 < g < 00.

Remark 1. Notice that for the regular system (III),
on the left side of the straight line solution ¢ =
1, the directions of all orbits are anti-clockwise
because (1, —yo) is a stable degenerate node, (1, )
is an unstable degenerate node. But, for the singular

p=1 p=1
N \\/

N

/\
\//

(a) h € (—o0, ha)

(b) h = ha

A

N
’ K/\

(¢) h € (ha,)

Fig. 2. The changes of the curves defined by H(¢,y) = h when —co < g < f%.
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p=1 p=1 p=1

([
(L

(a) h € (700,7230 (b) h=ha = f% (c) f% <h< %
] yd
\\w \\(p
(A) h=hg=hy=12 (&) h> 1

Fig. 3. The changes of the curves defined by H(¢,y) = h when g = —%

p=1 p=1 p=1
\// , \0 \// ’ \_//\p
(a) h € (—o0, ha) (b) h = ha (¢) ha < h < hg

FAAN

I
JINT
/IN

(d) h=hg (e) hg <h < hy (f) h > hy

Fig. 4. The changes of the curves defined by H(y,y) = h when —% <g< %

p=1 p=1 p=1

a f—
N

1
@ \_/ @
(

N |

/;,
/.

~
\_

(a) h & (=00,

/
\

Fig. 5. The changes of the curves defined by H(¢,y) = h when g =

12

Wl

b) h=ha =—3 (c) =2 <h<hy

I
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—_
2

>
Y%
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™ e
N AN N

(b) h € [hy,00)

(a) h € (=00, hy)

Fig. 6. The changes of the curves defined by H(p,y) = h
when % < g < oo.

system (@), on the left side of the straight line solu-
tion ¢ = 1, the directions of all orbits are clockwise
by the vector fields defined by system (@).

Therefore, we emphasize that in Figs. B(a),
2Ib)-Bl(a),Blb), the direction of vector fields for the
closed curves passing through the singular straight
line ¢ = 1 is clockwise. Thus, these curves in
Figs. Bla)Bla) give rise to global periodic orbits
of system (@). In Figs. BIb)-El(b), the closed curves
passing through the singular straight line ¢ = 1
are homoclinic orbits of system ({). Of course, in
Fig. @(d) the closed curve is a homoclinic orbit of
system ({) too.

3. Exact Solutions of Eq. (5]

In this section, we will derive the exact solutions of
Eq. (@). From (d0Q) we see that

1 4 4

Y =he-1)+20+¢" —z0o—29+7. (26)
3 3 3

Thus, by using the first equation of system (),

we obtain

e ds 1
2 =55
vo /53 +32+ (Bh—4)s —6g+4—3h V3

(27)

By calculating ([27), we can obtain all exact
solutions.

3.1. Periodic wave solutions
and bifurcation

For given g € (—o0,00), we use the notations of «,

B and v as (I5)—(I1), and let

ho = H(c,0), hg=H(B,0), hy=H(v,0).

(28)

From Figs. BHEL we see the following facts:

(i) If we write

hy,  when g >

(29)

=
hS)
Il
|
|
2
=
@
=
s}
Il

ha, Wwhen g <

WIN Wi Wi

\

and let h € (—o0, h,), then in the curves defined
by H(p,y) = h there exist global families of
periodic orbits of system ().

(i) If -2 < g < 2and hg < h < hy, or g = 2
and —g <h< %, then in the curves defined by
H(p,y) = h there exist local families of peri-

odic orbits of system (3.

On the p—y plane, the periodic orbits possess
expression

P =sn-on-dle-rs),  (30)
where

r3 <@ < T9, (31)
B V255 Vs

Tl__1_3\3/$+3><\3/§’ (32)
L =ivB), 4V

e 1—i_?)><\3/2_2{”/a 6xv2 (33)
A4V | (C14iVB) YA,

r3 = 1+3><\3/2_2\3/E 6X\3/§ ’ (34)

60 = /729(—5 + 3g + 3h)2 + (=21 + 9h)3,  (35)

01 = —270 + 162g + 162h, (36)
0y = —21+49h (37)

and
0x = 280 + 6. (38)

Thus along the periodic orbits, the integral equa-
tion (27) changes into

® ds 1

vy V(1 —s)(ra—s)(s—r3) V37

1950098-6



Completing the integration and solving ¢ in the
integral equation (BY), we obtain the periodic wave
solution

U(QZ‘, ta g, h) =T3 + (T2 - T3)Sn2(Q£a k)v (40)
where
P A S (41)
2v3
E=a—t (42)
and
k2 — 2" (43)
T — T‘3.

Remark 2. When % < g <6 and h =0, it follows
that

rm=oay, ro=p3 and 7r3=". (44)
Thus we have
u(é,9,0) =71 + (B — y)sn’(n, ko), (45)
where
] —M
=4/ — 4
n 3 (46)
and
R=0m (47)
ar —7
From (45) we have
lim u(§,9,0) = ui(§), [see (51)].  (48)

g—2+0

This implies that an anti-solitary wave is a
bifurcation from a periodic wave when g — % + 0.
The evolution of wave profiles of u(¢, g,0) is given
in Fig. [

JANYA

NN N
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3.2. Anti-solitary wave solutions
and bifurcations

Now, we derive anti-solitary wave solutions as
follows.

(1) When g = %, on ¢—y plane, the homoclinic orbit
[see Fig.[B(b)] owns expression

1
Y =-(1-¢)*(p+5) for=5<p<1. (49)

3
Along the homoclinic orbit, Eq. (27) changes into

[ et =l )
s1—s)Wstb B

Solving (B0) for ¢, we obtain the anti-solitary wave
solution

w()=p=1- 65ech2<%>.

(2) When [g| < 2, on the ¢y plane, the two
homoclinic orbits [see Figs. H(b) and Hl(d)] have

expressions

(51)

1
Yy = _(04—%0)2(@—04*) for a, < p < «

: (2)

and
1
v =308-9*p—B.) forB.<e<p (53
According to (B2), Eq. (21) reduces to

(54)

/W L 4= Ly
MR N iVl

Solving (B4) for ¢, we get anti-solitary wave solution

ua(€,9) = ¢ = a — 3(a + 1)sech? <%\/a + 1{).

(55)

YN N\ Y

o

(a) g=3+107"

(b)g=3+10"°

¥ s

(c)g=3+107"

Fig. 7. The evolution of wave profiles of u(&, g,0) when g — % + 0.
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Via (B3), Eq. [Z7) becomes

® 1 1
e e b

Solving (56) for ¢, we get another anti-solitary wave
solution

ug(§,9) = ¢ =0 - 3(ﬁ+lsech2< \/ﬁT§>
(57)

(3) When g = —%, on the ¢—y plane, the homoclinic
orbit [see Fig. l(b)] owns the expression

L2+ T)

3 for -7 <p<2. (58)

y* =

Along the homoclinic orbit, Eq. (27) changes into

¥ 1 1
/¥6?52i?“:z$+ (59)

Solving (B9) for ¢, we get the anti-solitary wave
solution

uz(€) = ¢ = 2 — 9sech? <§§> : (60)

(4) When g < — %, on the p—y plane, the expression
of homoclinic orbit [see Fig. 2(b)] is the same as
for (52). Therefore, the expression of anti-solitary
wave solution is the same as for (B3).

From the expressions of anti-solitary waves, we
have the following limits:

(2) When g — —2 + 0, we have

lim (€, g) = us(€) (62)
94’*54’0
and
lim  us(é,g) = L. (63)
g—>——+0

When g — —%Jr(), the evolution of wave profiles
of ua(&,g) and ug(€, g) is given in Fig. B

(3) When g — 2 — 0, we have
lim uq (€, 9) = u1(§) (64)
9—3-0
and
lim ug(§, 9) = u1(§). (65)
9—’5—0
When g — § 0, the evolution of wave profiles

of uy(§,g) and ua(f,g) is given in Fig. @

To sum up, we have proved the following two
theorems:

Theorem 1. Consider the following three paramet-
ric conditions:

(1) For given g € (—00,00), h € (—00,h,);
(2) For given g € (2—%, %), € (hg, h ),
3 h € ( 3> 3)

If one of the three conditions holds, then Eq. () has
the family of periodic wave solutions as ([{0).

(3) For given g =

(4) When g — 2 + 0, an anti-solitary wave is
bifurcated from a periodic wave [see ([{8) and

(1) When g — —2 — 0, we have Fig. 7).
111121 ua (&, g) = uz(€) (61)  Theorem 2. For given g and & = x — t, Eq. ([A)
9—=370 has the following anti-solitary wave solutions and
u U, Y Yo " Ua
N/ e TN o/ e TN o/ e
T - T/ -
(au)gz—%—i—lO_1 (b)gz—%—&—l()_3 (C)gz—%+10_5

Fig. 8.

The evolution of wave profiles of ua (€, g) and ug(€,g) when g — —% + 0.
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U

u

Ug Uy

TN\ o

(a) g=3-107"

(b)yg=2%-10"

o) //"U_ﬁg

3

(©)g=3-1077

Fig. 9. The evolution of wave profiles of ua(§, g) and ug(§, g) when g — % - 0.

bifurcations:

(1) Ifg= %, then Eq. ([A) has only one anti-solitary
wave solution u = uy(§) as in (Z1).

(2) If |g| < 2, then Eq. @) has two anti-solitary
wave solutions u = uq (&, g) and v =ug(§,g) as
in (&) and (57).

(3) If g = f%, then Eq. ([4) has only one anti-
solitary wave solution u = uy(§) as in (60).

4) If g < —%, then Eq. ([3) has a unique anti-
solitary wave solution whose expression is the
same as with uy(§,g) in (23).

(5) g = —3 is a parametric value of double anti-
solitary waves bifurcation [see (64) and (63)
and Fig. [8].

(6) g = % is mot only the parametric value of peri-
odic wave bifurcation, but also that of double
anti-solitary waves bifurcation [see ([48), (04),
(@3) and Figs. [] and [].

4.

In this paper, we have investigated the expressions
and bifurcations of anti-solitary traveling waves and
periodic traveling waves [Eq. (B)], when wave speed
equals to 1, because the corresponding traveling
system (@) of Eq. (@) is a singular system with
the singular straight line ¢ = 1 and on this line
there exist two nodes of the associated regular sys-
tem (). Therefore, there exist no peakon and com-
pacton solutions of Eq. (Bl). There exist smooth anti-
solitary wave solutions and smooth periodic wave
solutions of Eq. (B)). Specially, we discover some new
phenomena. (i) Infinitely many periodic orbits of
the traveling wave system pass through the singu-
lar straight line. (ii) Inside some homoclinic orbits of
the traveling wave system there is no singular point.

Conclusion

(iii) There exist periodic wave bifurcation and dou-
ble anti-solitary waves bifurcation.

References

Boyd, J. P. [1997] “Peakons and coshoidal waves: Trav-
eling wave solutions of the Camassa—Holm equation,”
Appl. Math. Comput. 81, 173-187.

Camassa, R. & Holm, D. D. [1993] “An integrable shal-
low water equation with peaked solitons,” Phys. Reuv.
Lett. 71, 1661-1664.

Chen, C. & Tang, M. Y. [2006] “A new type of bounded
waves for Degasperis—Procesi equations,” Chaos Solit.
Fract. 27, 698-704.

Chen, Y. R., Ye, W. B. & Liu, R. [2016] “The explicit
periodic wave solutions and their limit forms for a
generalized b-equation,” Acta Math. Appl. Sin. 32,
513-528.

Constantin, A. & Escher, J. [1998] “Wave breaking
for nonlinear nonlocal shallow water equation,” Exp.
Math. 15, 251-264.

Constantin, A. & Strauss, W. A. [2000] “Stability of
peakons,” Commun. Pure Appl. Math. 53, 603—-610.
Degasperis, A. & Procesi, M. [1999] Asymptotic
Integrability, Symmetry and Perturbation Theory, eds.
Degasperis, A. & Gaeta, G. (World Scientific, Singa-

pore), pp. 23-37.

Guha, P. [2007] “Euler-Poincaré formalism of (two
component) Degasperis—Procesi and Holm-Staley
type systems,” J. Nonlin. Math. Phys. 14, 398-
429.

Guo, B. L. & Liu, Z. R. [2005] “Periodic cusp wave solu-
tions and single-solitons for the b-equation,” Chaos
Solit. Fract. 23, 1451-1463.

He, B., Rui, W. G. & Li, S. [2008a] “Bounded travel-
ing wave solutions for a modified form of generalized
Degasperis—Procesi equation,” Appl. Math. Comput.
206, 113-123.

He, B., Rui, W. G. & Chen, C. [2008b] “Exact travel-
ing wave solutions for a generalized Camassa—Holm

1950098-9



Z. Li & R. Liu

equation using the integral bifurcation method,”
Appl. Math. Comput. 206, 141-149.

Holm, D. D. & Staley, M. F. [2003] “Nonlinear bal-
ance and exchange of stability in dynamics of solitons,
peakons, ramps/cliffs and leftons in a 1 4+ 1 nolinear
evolutionary PDE,” Phys. Lett. A 308, 437-444.

Johnson, R. S. [2002] “Camassa—Holm, Korteweg—de
Vries and related models for water waves,” J. Fluid
Mech. 455, 63-82.

Khuri, S. A. [2005] “New ansatz for obtaining wave solu-
tions of the generalized Camassa-Holm equation,”
Chaos Solit. Fract. 25, 705-710.

Li, J. B. & Chen, G. R. [2007] “On a class of singular
nonlinear traveling wave equations,” Int. J. Bifurca-
tion and Chaos 17, 4049-4065.

Li, J. B. [2013] Singular Nonlinear Traveling Wave
Equations: Bifurcations and Ezact Solutions (Science
Press, Beijing).

Li, J. B. & Chen, G. R. [2013] “Bifurcations of traveling
wave solutions in a microstructured solid model,” Int.
J. Bifurcation and Chaos 23, 1350009.

Li, J. B., Zhu, W. J. & Chen, G. R. [2016] “Understand-
ing peakons, periodic peakons and compactons via a
shallow water wave equation,” Int. J. Bifurcation and
Chaos 26, 1650207.

Liu, Z. R. & Qian, T. F. [2001] “Peakons and their bifur-
cation in a generalized Camassa—Holm equation,” Int.
J. Bifurcation and Chaos 11, 781-792.

Liu, Z. R. & Ouyang, Z. Y. [2007] “A note on soli-
tary waves for modified forms of Camassa—Holm and
Degasperis—Procesi equations,” Phys. Lett. A 366,
377-381.

Liu, R. [2010] “Coexistence of multifarious exact nonlin-
ear wave solutions for generalized b-equation,” Int. J.
Bifurcation and Chaos 20, 3193-3208.

Liu, Z. R. & Tang, H. [2010] “Explicit periodic wave solu-
tions and their bifurcations for generalized Camassa—
Holm equation,” Int. J. Bifurcation and Chaos 20,
2507-2519.

Liu, Z. R. & Liang, Y. [2011] “The explicit nonlinear
wave solutions and their bifurcations of the gener-
alized Camassa-Holm equation,” Int. J. Bifurcation
and Chaos 21, 3119-3136.

Liu, R. & Yan, W. F. [2013] “Some common expressions
and new bifurcation phenomena for nonlinear waves

in a generalized MKDV equation,” Int. J. Bifurcation
and Chaos 23, 1330007.

Lundmark, H. & Szmigielski, J. [2003] “Multi-
peakon solutions of the Degasperis—Procesi equation,”
Inverse Prob. 19, 1241-1245.

Lundmark, H. & Szmigielski, J. [2005] “Degasperis—
Procesi peakons and the discrete cubic string,” Int.
Math. Res. Papers 2, 53-116.

Reyes, E. G. [2002] “Geometric integrability of the
Camassa—Holm equation,” Lett. Math. Phys. 59, 117—
131.

Shen, J. W. & Xu, W. [2005] “Bifurcations of smooth
and non-smooth traveling wave solutions in the gener-
alized Camassa—Holm equation,” Chaos Solit. Fract.
26, 1149-1162.

Tian, L. X. & Song, X. Y. [2004] “New peaked soli-
tary wave solutions of the generalized Camassa—Holm
equation,” Chaos Solit. Fract. 21, 621-637.

Wang, Q. D. & Tang, M. Y. [2008] “New exact solu-
tions for two nonlinear equations,” Phys. Lett. A 372,
2995-3000.

Wazwaz, A. M. [2006] “Solitary wave solutions for mod-
ified forms of Degasperis—Procesi and Camassa—Holm
equations,” Phys. Lett. A 352, 500-504.

Wazwaz, A. M. [2007] “New solitary wave solutions
to the modified forms of Degasperis—Procesi and
Camassa—Holm equations,” Appl. Math. Comput.
186, 130-141.

Yang, J. P., Li, Z. G. & Liu, Z. R. [2018] “The existence
and bifurcation of peakon and anti-peakon to the n-
degree b-equation,” Int. J. Bifurcation and Chaos 28,
1850014.

Yomba, E. [2008a] “The sub-ODE method for find-
ing exact traveling wave solutions of generalized
nonlinear Camassa—Holm, and generalized nonlinear
Schrodinger equations,” Phys. Lett. A 372, 215-222.

Yomba, E. [2008b] “A generalized auxiliary equation
method and its application to nonlinear Klein—
Gordon and generalized nonlinear Camassa—Holm
equations,” Phys. Lett. A 372, 1048-1060.

Zhang, L. J., Chen, L. Q. & Huo, X. W. [2007] “Bifurca-
tions of smooth and nonsmooth traveling wave solu-
tions in a generalized Degasperis—Procesi equation,”
J. Comput. Appl. Math. 205, 174-185.

1950098-10



	1 Introduction
	2 Bifurcations of Phase Portraits for the Traveling Wave Systemof Eq. (5)
	3 Exact Solutions of Eq. (5)
	3.1 Periodic wave solutionsand bifurcation
	3.2 Anti-solitary wave solutions and bifurcations

	4 Conclusion

