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Abstract In this paper, for b € (—oo,00) and b # —1, —2, we investigate the explicit periodic wave solutions
for the generalized b-equation

ut + 2kuy — Uzat + (]. + b)uQ’um = bugUgs + UlUzzx,

which contains the generalized Camassa-Holm equation and the generalized Degasperis-Procesi equation. Firstly,
via the methods of dynamical system and elliptic integral we obtain two types of explicit periodic wave solutions
with a parametric variable . One of them is made of two elliptic smooth periodic wave solutions. The other is
composed of four elliptic periodic blow-up solutions. Secondly we show that there exist four special values for a.
When « tends to these special values, these above solutions have limits. From the limit forms we get other three
types of nonlinear wave solutions, hyperbolic smooth solitary wave solution, hyperbolic single blow-up solution,
trigonometric periodic blow-up solution. Some previous results are extended. For b = —1 or b = —2, we guess

that the equation does not have any one of above solutions.
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1 Introduction

Degasperis, Holm and Honel®>% deduced a nonlinear equation
up + 2kuy — Ugrr + (1 4 D)utty = Duglipy + Uligpe, (1.1)

which is called b-equation.
When b = 2, 3 respectively, Eq.(1.1) changes into the CH equation

Uy + 2kUy — Ugpt + Uty = 2UplUpy + Ulgps (1.2)

and DP equation
wp + 2kuy — Uppt + 4utly = 3UzUzr + Ulpps. (1.3)

For various values of b, Holm and Staley!!3) studied the solutions of Eq.(1.1) numerically.
Guo and Liu'% investigated the periodic cusp waves and single-solitons of Eq.(1.1). Escher and
Seiler[® discussed the relation between Eq.(1.1) and Euler equation. Vitanov et al.*®] obtained
some exact traveling wave solutions for Eq.(1.1).

When k = 0, Camassa and Holm[' showed that Eq.(1.2) is integrable and has peakon
solution. Constantinl®!, Constantin and Strauss!¥ presented the mathematical description of
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the existence of interacting solitary waves and demonstrated that the peakons are stable for
Eq.(1.2) with & = 0. When k # 0, Liu and Qian?"! certified that Eq.(1.2) has peakons whose
stability was showed by Ouyang et al.[23].

Degasperis and Procesil”l showed that Eq.(1.3) is integrable and has peakons. Lundmark
and Szmigielskil?1:2?] gave an inverse scattering approach for computing the n-peakon solutions
of Eq.(1.3) and presented the concrete expressions of the 3-peakon solutions. Chen and Tang!?
studied the kink-like waves for Eq.(1.3). Guhal® gave an Euler-poincare formalism to Eq.(1.3).

Based on Eq.(1.2), Liu and Qian" proposed the generalized CH equation

Uy + 2kt — Uper + 30Uy — 2Uplpy — Ulgey = 0. (1.4)
Similarly, Wazwaz[?32% suggested the generalized DP equation
g + 2Ky — Upgy + 40Uy — BUplUpy — Ulgry = 0, (1.5)
and generalized b-equation
g + 2kuy — Uggyr + (b + 1)u2uw = bUglgy + Ullgrg. (1.6)

Tian and Song[®® gave physical explanations to Eq.(1.4). Shen and Xul? studied the
existence on both smooth and non-smooth traveling waves for Eq.(1.4). Khuril'¥ investigated
the singular wave solution composed of trigonometric functions for Eq.(1.4). Liu and Ouyang!'®!
obtained a peakon solution for Eq.(1.4). He, et al.'' used the integral bifurcation method to
study the exact solutions for Eq.(1.4). Zhang et al.[32l researched bifurcation of smooth and
nonsmooth traveling wave solutions for Eq.(1.4). Yombal3%:31] presented two methods to look
for the exact traveling wave solutions for Eq.(1.4) and Eq.(1.5). Wang and Tang?” studied
the explicit periodic wave solutions and their bifurcations for Eq.(1.4). He et al.'?! obtained
some exact solutions for Eq.(1.5). When k = 0 Liu and Panl'” investigated multifarious
explicit nonlinear wave solutions for Eq.(1.4) and Eq.(1.5). When k = 0, Liu*® confirmed
the coexistence of multifarious exact solutions for Eq.(1.6). When k # 0 and b > 1, Liul'®
obtained five types of solutions, hyperbolic smooth solitary wave solution, hyperbolic peakon
wave solution, hyperbolic blow-up solution, fractional peakon wave solution and fractional blow-
up solution for Eq.(1.6).

In this paper, we employ the methods of dynamical systems and elliptic integral to study
the explicit periodic wave solutions and their limit forms for Eq.(1.6). For b € (—o0,00) and
b # —1,—2, we obtain six explicit expressions of smooth periodic wave and periodic blow-up
waves with a parametric variable &. When «a tends to some fixed values, we get smooth solitary
wave solution and single blow-up solutions. Our work extends some previous results.

This pager is arranged as follows. Our main results are listed in Section 2. In Section 3 we
give derivations to our main results. In Section 4 we make a short conclusion.

2 Main Results

In this section, we expound the expressions of explicit periodic wave solutions and their limit
forms for Eq.(1.6). Our main results are made of the following two lemmas and three proposi-
tions.

Lemma 1. For given real coefficients b, k, and constant wave speed ¢ in Eq.(1.6), let

_14b—/(1+b)(1+b—38k)
N 2

c1 (2.1)



