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and integrating approach, we obtain some other nonlinear wave solutions which also include
differentiable arbitrary functions. Our work extends pioneer’s results.
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1. Introduction
In the nonlinear research, some higher-dimensional equations have been investigated. For instance, Jimbo and Miwa [1]
introduced (3+1)-dimensional equation
Uye + Uy — 3Uxxlly — SUxllyy — Uy, = 0, (1.1)

as the second equation in the so-called Kadomtsev-Petviashvili hierarchy of equations. However, Dorizzi et al. [2] showed that
Eq. (1.1) is not completely integrable in the usual sense.
Boiti et al. [3] developed an inverse scattering scheme to solve the Cauchy problem for (2+1)-dimensional equation

Uyt + Uxxxy — SUxxlly — SUyllyy = 0, (1.2)

which is reduced to the KdV equation for y = x.
Yajima et al. [4] presented (2+1)-dimensional equation

Ut — Uxx — Uyy + Uxllye + Uyllyr — Ugxer — Uyyee = 0, (1.3)
as a model of ion-acoustic waves in plasmas. Kako and Yajima [5] studied soliton interactions for Eq. (1.3).
Bogoyavlenskii [6,7] discussed the inverse scattering method of solution for (2+1)-dimensional equation
Uxt + Uxxny — 2UxxUy — 4lyllyy = 0, (1.4)

which, like (1.2), reduces to the KdV equation for y = x.
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Clarkson and Mansfield [8] pointed out that the Egs. (1.1)-(1.3) can be reduced to the SWWI equation

Ut + B (Uxlixe + Ullxy) — (Uxx + Uxr) = 0, (1.5)
and Eq. (1.4) can be reduced to the SWWII equation
Ut + B (2Uxlxe + Urllxx) — (Uxx + Uxe) = 0. (1.6)

For Eq. (1.5), Clorkson and Mansfield [9] gave an interesting solution

3 x+ft) 3 x—f@t) t
u(x, t) B tanh ) + B tanh ) + B’
which contains a differentiable arbitrary functions f(t). For Eq. (1.6), it seems that there is not solution which is similar to (1.7).
Several other equations and their multiple soliton solutions were studied by Wazwaz [9,10], Wen and Xu [11], Zhen et al. [12]
and Zuo et al. [13]. In these references, none of the solutions contains arbitrary function.

Wazwaz [14] introduced two (3+1)-dimensional equations

(1.7)

Uyzt + Usxxyz — Blixlyy, — Blyylly, = 0, (1.8)
and
Uxzt + Uxxxyz — 2(uxxuyz + uyuxxz) - 4(uxuxyz + uxyuxz) =0, (1.9)

as two higher-dimensional shallow water wave equations. It is easy to see that Eqs. (1.8) and (1.9) can be reduced to the potential
KdV equation forz=y = x.

In [14], Wazwaz investigated multiple soliton solutions and multiple singular soliton solutions of Eqs. (1.8) and (1.9) respec-
tively.

For Eq. (1.8), Wazwaz gave the solutions combined by e i=1,2,3), where k;, r;, s; are arbitrary constants. For
Eq. (1.9), Wazwaz presented the solutions combined by ekixriy-+siz—kPrit (i=1,2,3), where k;, r;, s; are arbitrary constants.

In this paper, we study the nonlinear wave solutions for Eqs. (1.8) and (1.9) respectively. Firstly, using Hirota’s bilinear
method [15,16], we obtain generalized soliton solutions and generalized singular soliton solutions. For Eq. (1.8), these solutions
are combined by ¢;(y, z)e"f"’k?t, where @;(y, z) (i = 1,2,3) are arbitrary differentiable functions and k; (i = 1,2, 3) are arbitrary
constants. For Eq. (1.9), these solutions are combined by (pi(z)e"i"”fy”i"iz[, where @;(z) (i = 1,2,3) are arbitrary differentiable
functions and k;, r; (i = 1,2, 3) are arbitrary constants. These imply that our work extends Wazwaz's results. Secondly, by means
of some special orbits of the traveling wave system and integrating technology [17-22], we get some other nonlinear wave
solutions which also include differentiable arbitrary functions.

This paper is organized as follows. In Section 2, our main results are presented through four propositions. In Section 3, we
prove our propositions. A short conclusion is given in Section 4.

kix-+riy+siz—k3t (

2. The new nonlinear wave solutions

In this section, we state the main results for Eqgs. (1.8) and (1.9). Firstly, we state the main results for Eq. (1.8) by the following
two propositions.

Proposition 2.1. For arbitrarily given constants k; and arbitrarily given differentiable functions g(t, y), h(t, z), e(y, z), p(y, 2), ¢; =
iy, 2)(i=1,2,3),iflet

vyt y,2) =gt y)+ht.2)+e@y,2). (2.1)
O =kix—k’t (i=1,273), (22)
(k1 — ko)?

do= 717 o 2.3

= T+ k)p@. 2)] (23)

ki — kj 2 . .
a”_<k,-+kj> (1<i<j<3), (2.4)
a123 = 12013023, (2.5)
f=1+01e" + e + g% + ap19026" % 1 a1301 03445 + ar302036%% 1 a13301 pr 38102405, (2.6)
and

g=1—p1e?" — pre? — 3% + a2102e" % 1 a130103eM % + ar30203€% % — a12301 0238 0 (2.7)

then Eq. (1.8) has the following generalized soliton solutions and generalized singular soliton solutions:
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(1°) the generalized 1-soliton solution
_ -2k, 1 et
© p(.2) + pret
(2°) the generalized 2-soliton solution

+y(t.y. 2); (2.8)

—2(k 0, k (2 k k 0146,
y o 2lagie’ + 226 +aeo( 1+ 2)‘/)120269 ) . V(.. 2) 29)
p(.2) + @1et + @ e% + agpi ettt

(3°) the generalized 3-soliton solution

U= —2%/}% y(t.y,2); (2.10)

(4°) the generalized singular 1-soliton solution
2k
© p(.2) - pret
(5°) the generalized singular 2-soliton solution

+y (Y. 2); (2.11)

U= 2(’(1@1601 + ’(2(p2692 — ao(k1 + kz)QD] §02€9‘+02)

t,y,z); 2.12
20.2) — 1% —gne® + Gogr e +y(ty.2) (2.12)
(6°) the generalized singular 3-soliton solution
0
u=-25°/8+ y(t.y,2). (2.13)
Proposition 2.2. For arbitrarily given constants c, k and arbitrarily given differentiable functions vy (y, z), p(t, ¥), q(t, z), 1(y, z), if let
At Yy. D) =pt.y)+qt.2)+1(.2). (2.14)
c
o = /‘E . (2.15)
and
1 c
B=5 ‘173 : (2.16)

then Eq. (1.8) has the following nonlinear wave solutions:
(1°) the generalized fractional function solutions

_clkx+ 1/(;%2) —ct) — w2(ylfz) — Aty 2): (2.17)
and
L clkx+ xégxz,z) +ct) — w%y’fz) — Ay, 2): (2.18)
(2°) the generalized hyperbolic tanh function solutions
(i) ifk > 0 and c > 0, then
u=—« tanh Bkx+ ¥ (,z) - ct] + AL, Y, 2); (2.19)
(ii) ifk < Oand c <0, then
u=o tanh B[kx+ ¥ (y,z) —ct]+ At Y, 2); (2.20)
(iii) if k > 0 and c < O, then
u=—« tanh B[kx+ V¥ (y.2) +ct] + A(t, Y. 2); (2.21)
(iv) ifk < 0 and c > 0, then
u=o« tanh Bkx+ ¥ (,z)+ct]+ Aty 2); (2.22)

(3°) the generalized hyperbolic coth function solutions
(i) ifk > 0and c > 0, then
u=—a coth Blkx+ ¥ (y.2) —ct] + At y. 2); (2.23)
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(ii) ifk < 0 and c < 0, then

u=c coth B[kx+ V¥ (y,2)—ct] + AL, y,2); (2.24)
(iii) ifk > O and c < 0, then

u=—a coth Blkx+ ¥ (y,2)+ct]+ AL, y.2); (2.25)
(iv) ifk < 0and c > 0, then

u=c« coth Blkx+ ¥ (y,z)+ct]+A(t,y, 2); (2.26)

(4°) the generalized tangent function solutions

(i) ifk > 0andc > 0, then

u=ctan Blkx+ ¥y, 2)+ct] + AL, y, 2); (2.27)
(ii) ifk < O0and c <0, then

u=—otan Bkx+ Yy, z)+ct]+ Ay, 2); (2.28)
(iii) ifk > O and c < 0, then

u=ctan Blkx+ ¥ (y.z) —ct] + Ay, 2); (2.29)
(iv) ifk < 0and c > 0, then

u=—otan Blkx+ ¥ (y,z)—ct]+ Aty 2); (2.30)

(5°) the generalized cotangent function solutions

(i) ifk > 0andc > 0, then

u=—acot Blkx+ Y (y,z)+ct]+ Aty 2); (2.31)
(ii) ifk < 0and c <0, then

u=c cot Blkx+ ¥ (y,2)+ct]+ Ay, 2); (2.32)
(iii) ifk > 0 and c < 0, then

u=—acot Blkx+ Y (y.z)—ctl+ At y,2); (2.33)
(iv) ifk < 0and c > 0, then

u=ca cot Blkx+ ¥ (y,z)—ct]+ Ay, 2). (2.34)

Secondly, we state the main results for Eq. (1.9) by the following two propositions.

Proposition 2.3. For arbitrarily given constants k;, r; and arbitrarily given differentiable functions y (z, t), p(z), ¢; = ¢i(z) (i=1, 2, 3),

if let
wj =kix+ry —krit (i=1,2,3), (2.35)
bO _ (kl — k2)2 (2 36)
(k1 +k2)? [p@)] ’
_(ki—k\? o
by = <ki+kj) (I<i<j<3) (2.37)
b123 = b12b13ba3, (2.38)
[=1+@1e” + @262 + 3™ + b12@1926” 72 + b130103€“ T + by3 23”7 + bio3 @1 ap3e® T2, (2.39)
and

g=1—@1e” — pre”” — p3e“> + b1201902”7? + b130103e” T + b3y 3> T3 — b3 1 Paze® TP (2.40)

then Eq. (1.9) has the following generalized soliton solutions and generalized singular soliton solutions:
(1°) the generalized 1-soliton solution
-2k, 1 ev
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(2°) the generalized 2-soliton solution

_ —2(kip1e” + kagre + bo(ky + ka)p1 92621 +2)
= p(Z) + pre@1 + @rewz + bO(/)I Qa1+

(3°) the generalized 3-soliton solution

u:—2%/f+y(z,t);

(4°) the generalized singular 1-soliton solution

+y@t);

. 2’(1 01 e®
- p@) - gpre
(5°) the generalized singular 2-soliton solution

+y(zt)

U 2(k1p1e®t + ka@ae®2 — bo(ky + ka)p1¢pe@1+@2)
 p@) - ¢1e9 — a6 + bopr et
(6°) the generalized singular 3-soliton solution

g
Zﬁ/g+ y(z,t).

+y@t);

u=-—

Proposition 2.4. For arbitrarily given constants c, k, r and arbitrarily given differentiable functions \r(z), A(z, t), if let

a =[5
r
and
1 c
=3\l
then Eq. (1.9) has the following nonlinear wave solutions:
(1°) the generalized fractional function solutions

:_c(kx+ry+1//(z)fct) 2k

6kr _kx+ry+w(z)—ct+)h(z’t);
and
_ckx+ry+ () +ct) 2k .
u= 6kr _kx+ry+1p(z)+ct+k(z’t)'

(2°) the generalized hyperbolic tanh function solutions
(i) ifrc > 0andk > 0, then
u=—c«tanh Bkx+ry+¥(2)—ct]+ Az t);
(ii) ifrc > 0 and k < 0, then
u=c« tanh Blkx+ry+ () —ct]+ Az, t);
(iii) ifrc < 0 and k > 0, then
u=—« tanh Bkx+ry+ V¥ (@) +ct]+ Az t);
(iv) ifrc < 0and k < 0, then
u=o tanh B[kx+1y+ ¥ (2)+ct]+ Az t);
(3°) the generalized hyperbolic coth function solutions
(i) ifrc > 0and k > 0, then
u=—« coth Blkx+ry -+ (@) —ct]+ Az t);
(ii) ifrc > 0and k < 0, then
u=o coth Blkx+ry+¥(z)—ct]+ Az t);
(iii) ifrc < 0 and k > 0, then
u=—acoth Blkx+ry+¢¥ @) +ct]+ Az t);

401

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

(2.47)

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)
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(iv) ifrc < 0and k < 0, then
u=o coth Blkx+ry+ () +ct]+ Az t); (2.58)
(4°) the generalized tangent function solutions

(i) ifrc>0and k > 0O, then

u=ctan Blkx+ry+¥(2) +ct]+ iz t); (2.59)
(ii) ifrc > 0and k < 0, then

u=—otan Blkx+ry+ V¥ +ct]+ Az, t); (2.60)
(iii) ifrc < 0 and k > 0, then

u=otan Blkx+ry+ ¥z —ct]+ Az t); (2.61)
(iv) ifrc < 0and k < 0, then

u=-otan Blkx+ry+ () —ct]+ iz t); (2.62)

(5°) the generalized cotangent function solutions

(i) ifrc>0andk > 0, then

u=-—o cot Blkx+ry+ ¥ (@) +ct]+ Az b); (2.63)
(ii) ifrc > 0and k < O, then

u=oacot Blkx+ry+ () +ct]+ iz t); (2.64)
(iii) ifrc < 0 and k > 0, then

u=—o cot Blkx+ry+ ¥ (2)—ct]+ Az t); (2.65)
(iv) ifrc < 0and k < 0, then

u=ca cot Blkx+ry+ ¥ (z)—ct]+ Az t). (2.66)

Remark 2.1. Since these solutions contain arbitrary functions, we add the word “generalized” to each type of solutions.
3. The derivations of our main results

Firstly, employing the simplified Hirota’s method, we derive the results of Proposition 2.1. For arbitrarily given constants k;
(i=1, 2, 3) and arbitrarily given differentiable functions p(y, z), ¢; = ¢i(y,z) (i=1, 2, 3) and y(t, y, z) mentioned in Proposition
2.1, the derivations of Proposition 2.1 are composed of seven steps as follows:

Step 1. Determining the solutions of the linear equation
Consider the linear equation

Uyzt + Uy = 0, 3.1
which is constructed by the linear part of Eq. (1.8). Assume that Eq. (3.1) has solution of form
u=gqeat (i=1,23), (3.2)

where ¢; are to be determined.
Substituting (3.2) into Eq. (3.1), we get

=k (i=1,23). (33)
This implies that

u=g@e#kt (=1,2,3), (3.4)
are the solutions of Eq. (3.1).

Step 2. Constructing generalized 1-soliton solution
Let

01 = kix — k?t, (3.5)

Fi=py.2)+ 1 e", (3.6)
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and suppose Eq. (1.8) has solution of form

oF;
u—RW/Fl +y(t.y, 2), (3.7)

where R is to be determined. Substituting (3.7) into Eq. (1.8), we obtain R = —2. This means that the function in (2.8) is a solution
of Eq. (1.8).

Step 3. Constructing generalized 2-soliton solution

Let
02 = kzX — k%t, (3.8)
Fy = Fi + @ e” 4 diapigp €702 (3.9)
and assume that Eq. (1.8) has solution of form
dF
U= —Z—Z/Fz +y(ty, 2), (3.10)
ax
where dy; is to be determined. Substituting (3.10) into Eq. (1.8), it follows that
(ky — k2)?
dip=——""5—"—. 3.11
2= &+ R0, 2] G
This shows that the function in (2.9) is a solution of Eq. (1.8).
Step 4. Constructing generalized 3-soliton solution
Let
03 = ksx — k3t, (3.12)
ki — ki \* .
aij:<k;+k;) (1<i<j<3), (3.13)

F3=1+@1e" + gre” + g3 + a120102 €% + 41301903 "% + 430203 €7 + 13123 %1% (3.14)

and suppose Eq. (1.8) has solution of form

0F;
U= —ZW/I% +y(ty, 2), (3.15)

where dq53 is to be determined. Substituting (3.15) into Eq. (1.8), we have
di23 = A12013023. (3.16)
This implies that the function in (2.10) is a solution of Eq. (1.8).

Step 5. Constructing generalized singular 1-soliton solution

Let
G =p@y.2) — ¢ e”, (3.17)
and suppose Eq. (1.8) has solution of form
u= N% G +y(ty, 2), (3.18)

where N is to be determined. Substituting (3.18) into Eq. (1.8), we get N = —2. This shows that the function in (2.11) is a solution
of Eq. (1.8).

Step 6. Constructing generalized singular 2-soliton solution

Let
Gy =py.2) — p1e" —pre% + progr1gy e+, (3.19)
and suppose Eq. (1.8) has solution of form
aG
U= —ZB—XZ/GZ +y(ty, 2), (3.20)

where p1; is to be determined. Substituting (3.20) into Eq. (1.8), we obtain p1, = ag. This means that the function in (2.12) is a
solution of Eq. (1.8).
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Step 7. Constructing generalized singular 3-soliton solution
Let

Gs=1-g1e" — e — p3e® + a10102 €% + a130103 "% + ar30205€%7% 4 p1o31 a3 )00 (321)

and assume that Eq. (1.8) has solution of form

U= —2%/63 +y(ty, 2), (3.22)

where p1,3 is to be determined. Substituting (3.15) into Eq. (1.8), we get p123 = —aq23. This implies that the function in (2.13) is
a solution of Eq. (1.8).
Hereto, we complete the derivation of Proposition 2.1.

Remark 3.1. The 1- and 2-soliton solutions contain arbitrary differentiable function p(y, z) and this phenomenon has not been
found in previous works. But we have not found this phenomenon in 3-soliton solution.

Secondly, by using the method of dynamical systems, we derive the results of Proposition 2.2. For arbitrarily given constants
¢, k and arbitrarily given differentiable functions ¥(y, z) and A(t, ¥, z) mentioned in Proposition 2.2, let

) (3.23)

o= \/@ (3.24)
B = %\/‘Ig( (3.25)

o

Vo = 612’ (3.26)
c
v = 17 (3.27)
E=kx+Y¥(y,2z)—ct, (3.28)
and
n=kx+v¥y,z)+ct. (3.29)
Based on & and ), our derivations contain the following two parts.
Part 1. The derivations based on &
Substituting
u=fE)+rty 2. (3.30)

into Eq. (1.8), it follows that

[-6K°f" )" (€) — BK*F E)f " (€)= of "€) + CFOENYy ¥z + [~ €) - 6F E)f ' ) + KPf D E)Yy = 0. (331)
Since ¥ (y, z) is arbitrary, Eq. (3.31) holds if and only if

—6k*(f")*(§) — 6K*f G )f"(€) — f " E) + KPfP€) =0, (332)
and

~f"(€) — 6Kf E)f"€) + KfUE) = 0. (3.33)

Note that Eq. (3.32) comes from taking the derivative on both sides of Eq. (3.33). Therefore we only consider Eq. (3.33). Integrating
Eq. (3.33) once, it follows that

@ =ho+ TE By (334)
k k
where hy is an integral constant. If let
v=[). (3.35)

then Eq. (3.34) becomes

VIE) =ho+ SVE) + EP (336)
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wL
by I+

]+
2 v
v v
—0 —o
I ly
(a) k>0 (b) k<0

Fig. 1. The graphs of (3.38) when hy = 1;,(; and hy = 21§k7.

Putting w = v/(§), we get a planar system

“_,
o
w c 3,
@& = ho + AR
with the first integral

2 _ 2.1l
w _2(h1+hov+2k3v +kv),

where hy is another integral constant. The subsequent derivations are processed by the following three steps.

Step 1. Constructing generalized fractional function solution with &
Taking hg = % and hy = %, then (3.38) possesses graphs as Fig. 1.
In Fig. 1, the curves possess expressions as follows:

405

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

I W=+8(V+Vy)i, —Vo<V<+oo;
and

F:w=+8(-v- Vo)?, —o00 <V < —Vp.
Substituting (3.39) and (3.40) into the first equation of (3.37) respectively, and integrating them along the corresponding curves,
we have

+oo dS
/ ———~ =68|§] (alongl),
v (S+Vvp)2

and

/ Lg =4 |&| (alongly).
—o0 (—VO —5)j

Completing the integrals and solving the equations for v, we get

2k
V=—Vo+ =

£’
Via (3.35) and (3.43), it follows that
) 2k
f'€)=—-vo+ %_72
Integrating Eq. (3.44) and taking the integral constant as zero, we obtain

F€) = —vok — %"

(3.42)

(3.43)

(3.44)

(3.45)
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w w
Iy I
I i
—u; v L
0 0 —Vy
Iy N
Iy ls.
(a) k>0andc>0 (b) k<Oande<0

Fig. 2. The graphs of (3.38) when hg = hy =0and kc > 0.

These imply that

~Vo§ — E H(t ¥.2)
is a solution of Eq. (1.8), that is, the function in (2.17) is a solution of Eq. (1.8).

Step 2. Constructing generalized hyperbolic tanh and coth function solutions with &
Taking hy = hy = 0 and k~c > 0, then the graphs of (3.38) are as Fig. 2.
In Fig. 2, the curves possess the following expressions:

I5: W=FSVv(V+v1):, —vi<v<O0;

—

i W=48v(-v-v1)I, 0<v<-—v;

Si:w:j:(Sv(v+v1)%, 0<vV<+4oo;

—_—

and
I5: W=58v(-v-v1)I, —oo<V<O0.

. . . d . . .
Substituting (3.47) into & = d& and integrating it along I3, we have

v ds
[ =S =5kl
1 S (S+ V)2

Completing the integral, it follows that

m—21<21/> - B IE|.

arctanh ( 7e

From (3.52), we get

_ Y 2
V=— 2k2 sech” B¢,

that is,

J(€) =~ sech’ .

Further we obtain

f()=—a tanh §.

This implies that the function in (2.19) is a solution of Eq. (1.8).

Substituting (3.48)-(3.50) into % = dé& respectively, and integrating them along the corresponding curves, we have

[ =515l (along),
v

s(=s—v1)?

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)
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w
w
I I
v v
0f \—u1 —V1/ 0
I I
(a) k>0andec<0 (b) k<Oandc¢>0
Fig. 3. The graphs of (3.38) when hg = h; =0 and kc < 0.
+o0 ds
——— =48 |&| (along[), (3.57)
/v s(s+vp)? s 5)
and
v d
—/ — B _5gl (alongl). (3.58)
— S(=S—Vv1)2
Solving v from (3.56), we have
v = —a sech’BE. (3.59)
From (3.59) and v = f (&), we get
f() =« tanh B&. (3.60)

Via (3.60) and u = fl§) + A(t, y, z), it is seen that the function in (2.20) is a solution of Eq. (1.8).
Similarly, solving v from (3.57), (3.58), and via f (&) = v, u = fl§ ) + A(t, y, ), we see that the functions in (2.23) and (2.24) are
solutions of Eq. (1.8).

Step 3. Constructing generalized tangent and cotangent function solutions with &
When hy = hy =0and kc < 0, the graphs of (3.38) are as Fig. 3.
In Fig. 3, the expressions of the curves are as follows:

l?: w=i8v(v+v1)%, —V1 <V < 400; (3.61)
and
I W=FSV(-v-v1)I, —o00o<V<-—v. (3.62)

Substituting (3.61) and (3.62) into % = d& respectively, and integrating them along the corresponding curves, we have

/+w L} =4 |&| (alongl3), (3.63)
v s(s+vp)2
and
v ds
/ ————— =-381& (alongly). (3.64)
—00 § (=S —v1)?
Completing the integrals, (3.63) and (3.64) become
NEST
arctan( a7 ) =B1&|, (3.65)
and
Nl
arctan (T) =B €| (3.66)
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Solving v from (3.65) and (3.66) respectively, and via f(§) = v, u = fl§) + A(t, y, z), we obtain the functions in (2.29) and (2.30).
Note that if u = f{l§) + A(t, y, z) is a solution of Eq. (1.8), then so is u = f(§ + %) + A(t.y. 2). Therefore, from (2.29) and (2.30)
we get (2.33) and (2.34). These complete the derivations based on & = kx + ¥ (y, z) — ct.

Part 2. The derivations based on n
Substituting

u=gmn+Arty,z), (3.67)
into Eq. (1.8), it follows that

[—6k*g"(mg" () — 6k>g (g (1) + cg" () + kg My ¥z + [cg” (n) — 6K*g ())g” () + KPg@ )Yy, = 0. (3.68)
Clearly, Eq. (3.68) holds if and only if

—6k>(g")* (1) — 6k*g' (Mg (m) + cg" () + k> g (1) = 0, (3.69)
and

cg"(n) - 6k’g (mg" () + k’g® () = 0. (3.70)

Since Eq. (3.69) comes from taking the derivative on both sides of Eq. (3.70), we only study Eq. (3.70). Integrating Eq. (3.70) once,
we have

c 3
—g-=g " =T, 3.71
k3 g k g + g 0 ( )
where rq is an integral constant. Letting
nw=g, (3.72)
Eq. (3.71) becomes

o 3,
"=To— =+ =2 7
Wi=To— qzh+ p i (3.73)
Letting 2 = w/, from (3.73) it yields a planar system
ng 3 (3.74)

Fo— gt o2
dp —° BT R

with the first integral

c 1
Qr=2 — e u ol 3.75
(h-l—foM 2]{3M +le ( )
where r; is another integral constant. Let
c
=, 3.76
) (3.76)
and
__° (3.77)
#i= 2k ’
The following derivations are divided into three steps, too.
Step 1. Constructing generalized fractional function solution with 7,
Taking rg = % andrq = —%, then (3.75) possesses graphs as Fig. 4.
In Fig. 4, the curves possess expressions as follows:
Iy Q==+8u- /,Lg)%, Lo < 4 < +00; (3.78)
and
TF: Q=+8(—p+ (o)?, —o0 < [L < Ho. (3.79)
Substituting (3.78) and (3.79) into dﬁ“ = dn respectively, and integrating them along the corresponding curves, we have
+0o0 dS
/ ————=481n| (alongTy),. (3.80)
wo (S—po)?
and
n ds N
/ —————=34|n| (alongTy). (3.81)
0 (tto - $)7
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Fig. 4. The graphs of (3.75) whenrg = % andry = —%.

Q Q
rf ry
ry rf
M, 14 | H
0 0, Hy
Iy Ty
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(a) k>0andc<0 (b) k<Oand c<0

Fig. 5. The graphs of (3.75) whenrg =1, =0and kc < 0.

Solving p from one of (3.80) or (3.81), and via (3.67) and (3.72), we get the function in (2.18).

Step 2. Constructing generalized hyperbolic tanh and coth function solutions with n
Taking rg =r; = 0 and k¢ < 0O, then the graphs of (3.75) are as Fig. 5.
In Fig. 5, the expressions of the curves are as follows:

Tf: Q=F8pu(u—pu)i, p<p<0; (3.82)
TF:Q=x8pu(—p+m)?, 0<p<ps; (3.83)
TE:Q=+8pu(u—m)?, 0<p<-+oo; (3.84)
and
TE: Q=58pu(—pt+u1)?, —oo<p<0. (3.85)
Substituting (3.82)-(3.85) into %‘ = dn respectively, and integrating them along the corresponding curves, we have
® ds N
—/ ——=41n| (alongTy), (3.86)
w S (s—p1)?
M
/ L] =4 |n| (alongTy), (3.87)
wo S(=s+p1)?
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Q
Q
s Iy
n o
0 H1 M1/ 0
r; Ty
(a) k>0andc>0 (b) k<Oand c<0

Fig. 6. The graphs of (3.75)whenro =r; =0and kc > 0.

+o00
/ Ll =4 |n| (alongT3), (3.88)
wo S(s—p)?
and
n
—/ L, =68 |n| (alongTg). (3.89)
—o0 S (=S + p1)?

Solving w respectively from (3.86)-(3.89), and via (3.67) and (3.72), we get the functions in (2.21), (2.22), (2.25) and (2.26).

Step 3. Constructing generalized tangent and cotangent function solutions with 7,
Taking ro =y = 0 and k¢ > 0, the graphs of (3.75) are as Fig. 6.
In Fig. 6, the expressions of the curves are as follows:

T:Q=%8pu (U —p1)?. H1<p <400 (3.90)
and
TE: Q=F8pu(—p+ )P, —o0 << pr (3.91)
Substituting (3.90) and (3.91) into dW“ = dn respectively, and integrating them along the corresponding curves, we have
+o0 dS N
/ —— =41yl (alongI7), (3.92)
o S(s—p)?
and
s ds
- ——— =46 |n| (alongT%). (3.93)
[ws(—5+ﬂ1)% ( ¢)

Solving u respectively from (3.92) and (3.93), and via (3.67), (3.72), we get the functions in (2.27) and (2.28).

Note that if u = g(n) + A(t, y, z) is a solution of Eq. (1.8), then so is u = g(n + 5) + A(t, y, z). Therefore, from (2.27) and (2.28)
we obtain the functions in (2.31) and (2.32).

Similarly to the derivations of Propositions 2.1 and 2.2, we can derive the Propositions 2.3 and 2.4. Hereto, we have finished
the derivations for our main results.

4. Conclusions

In this paper, employing two methods we have studied the nonlinear wave solutions for Egs. (1.8) and (1.9). We have obtained
many new expressions of the solutions which were listed in Propositions 2.1-2.4. It is interesting that these expressions contain
some arbitrary functions. This property seems very special. Proposition 2.1 extends the results of reference [14] for Eq. (1.8),
that is, when the arbitrary functions ¢;(y, z) are replaced by the functions e'¥+5# (i = 1,2,3), p(y, z) = 0 and y(t, y, z) = 0,
the generalized multiple soliton solutions and generalized multiple singular soliton solutions can be reduced to the results of
reference [14]. Proposition 2.3 extends the results of reference [14] for Eq. (1.9), that is, when the arbitrary functions ¢;(z) are
replaced by the functions e%* (i = 1,2,3), p(z) = 0 and y(z, t) = 0, the generalized multiple soliton solutions and generalized
multiple singular soliton solutions can be reduced to the results of reference [14].
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In Proposition 2.1, the generalized soliton solutions and the generalized singular soliton solutions for Eq. (1.8) contain the
factor k; x — ¢; t with ¢; = kl.3, that is, there is relation between the coefficients of x and t. In Proposition 2.2, the nonlinear wave
solutions also contain the factor kx — ctor kx + ct, but k and c are independent.

Similarly, in Proposition 2.3, the generalized soliton solutions and the generalized singular soliton solutions for Eq. (1.9)
contain the factor k; x + r; y — ¢t with ¢; = k,.2 17, that is, there is relation between the coefficients of x, y and t. In Proposition 2.4,
the nonlinear wave solutions also contain the factor kx + ry — ctor kx +ry + ct, but k, r and c are independent.

These imply that these two methods are effective in constructing the nonlinear wave solutions of Eqs. (1.8) and (1.9). But
there are respective merits and demerits. It is worth noting that there might be more efficient method to construct the nonlinear
wave solutions of Egs. (1.8) and (1.9), which could be our next goal.

Finally, the correctness of all the solutions listed in the four propositions are validated by the mathematical software.
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