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EXISTENCE AND CRITICAL SPEED OF TRAVELING
WAVE FRONTS IN A MODIFIED VECTOR DISEASE
MODEL WITH DISTRIBUTED DELAY

WEIFANG YAN and RUI LIU

ABSTRACT. In this paper, we consider a modified disease model with
distributed delay. The existence of traveling wave fronts connecting
the zero equilibrium and the positive equilibrium is established by
using an iterative technique and a nonstandard ordering for the set of
profiles of the corresponding wave system. We also study the critical
wave speed and give a detailed analysis on its location and asymptotic
behavior with respect to the time delay. Our work extends some
previous results.

1. INTRODUCTION

Traveling wave solutions have been widely studied for nonlinear reaction-
diffusion equations modeling a variety of physical and biological phenomena
(see, e.g., [1-5]), for time-delayed reaction-diffusion equations (see, e.g., [6—
9]), and for nonlocal delayed reaction-diffusion equations (see, e.g., [10-12]).

Recently, Zhang [13] studied the modified host-vector disease model

u(t,z)  d%u(t, )
o 022

x /_DO /_O; F(t, s,z y)u(s,y)dyds + ru(t, 2)[1 — u(t,z)], (1)

—au(t,x) + b1 — u(t, z)]

where the function wu(t,x) denotes the normalized spatial density of in-
fectious host at time ¢ > 0 and spatial location z € R, a > 0 is the
cure/recovery rate of the infected host, b > 0 is the host-vector contact
rate, F'(t,s,z,y) is the convolution kernel, which is positive, continuous in
its variables (¢,s) € D := {(¢,s) : t > 0,—00 < s < t}, and Borel measur-
able in its variables z,y € R, r > 0 denotes the susceptible-infected host
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contact rate. For F(t,s,z,y) = F(t — s,z — y) with
t

t 2\’
72+/4mt exp ( + ; )
T 4t

F(t,z) =

Zhang [13] proved the existence of traveling wave fronts by using the geo-
metric singular perturbation theory. For F(t,s,z,y) = é(z—y)G(t—s) with
0(z) being the Dirac d-function and

t

Gt) = T2exp (t/7)’

Huang and Huo [14] proved the existence of traveling wave fronts by using
the theory developed in [15]. They also showed that the critical wave speed
decreases as the time delay increases.

If r = 0, then Eq. (1) reduces to

Ou(t,x) _ 0%u(t, )

5t 92 —au(t,z) + b[1 — u(t, x)]

/ / F(t,s,z,y)u(s,y)dyds, (2)

which has been considered by Ruan and Xiao [16]. The global stability of
steady states for model (2) was obtained in [16] when z,y € 2 C R and Q
is bounded. In the case F(t,s,x,y) = é(x —y)G(t — s) and

t
G(t) = ,
®) T2exp (t/7)
Ruan and Xiao [16] also showed that for any co > 2v/b — a, there exists a
small number 70 = 79(co) > 0 such that for any 7 € [0, 79], the model (2)

. . . el -—a .
admits a traveling wave front connecting two equilibria 0 and with

the wave speed ¢ = ¢(7) close to ¢p. Lv and Wang [17] studied the existence,
uniqueness and asymptotic behavior of traveling wave fronts for Eq. (2) with
F(t,s,z,y) = F(t — s,z —y) and

1

F(t,x) = N
VAt exp ( + )
-

4t

For a large class of delayed reaction-diffusion equations, Lv and Wang [18]
proved that the traveling wave fronts are exponentially stable to pertur-
bations in some exponentially weighted L> spaces and obtained the time
decay rates by the weighted energy method, which is recently developed by
Mei et al [19,20].
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If F(t,s,z,y) = 6(x —y)o(t — s — 7), then (2) becomes the model

ou(t,z)  O%u(t,x)
= —au(t,x) + b1 —u(t,x)|u(t — 7, x). 3
o= TN ) b - ot - Te). ()
Lin and Hong [21] showed that there exist a critical wave speed ¢* and a
delay parametric value 7%(c) (¢ > ¢*) such that for any 7 < 7*(¢), Eq. (3)
—a
has a traveling wave front connecting the two equilibria 0 and .

In [22] a time delay reaction diffusion equation with nonlocality for the
population dynamics of single species was studied. For the critical wave
speed, a detailed analysis was given on its location and asymptotic behav-
ior with respect to the parameters of the diffusion rate and mature age,
respectively. Recently, Wei et al [23] also gave a remark on critical wave
speed for Nicholson’s blowflies equation with diffusion.

In this paper, we consider model (1) with F(¢,s,z,y) = 6(z —y)G(t — s)
and

tn _sin(t/7) 4 cos (t/7)
n! 77+ exp (t/7) G = T exp (t/7) .

Firstly, we prove the existence of traveling wave fronts by using the theory
developed in [15]. Secondly, for the critical wave speed, we give a detailed
analysis on its location and asymptotic behavior with respect to the time
delay. Our work extends some previous results in [14].

The rest of this paper is organized as follows. In Sec. 2, we recall the
main theorem from [15] that will be employed in this paper. Sec. 3 is
devoted to the proof of the existence of traveling wave fronts of (1) with
two different delay kernels by the theory developed in [15]. In Sec. 4, we
give some analysis on the critical wave speed.

G(t) =

2. PRELIMINARIES

In [15] the nonlinear integro-differential equation with diffusion and the
distributed delay of a general view was investigated. The existence theorem
of traveling wave fronts was formulated. The traveling wave fronts can be
estimated by upper solution and lower solution respectively. The theory
developed in [15] is quite general and can be extended to coupled systems
as well as scalar equations.

Consider the following reaction-diffusion equation with nonlocal delays:

8“(5; - p? ZS; ™ b futt, ), (g u)(t2)), (4)

where t >0, z € R, D > 0, f € C(R% R), and

(g*u)(t,z) = /too/o; g(t = s,z — y)u(s, y)dyds;
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the kernel g(¢, x) is any integrable nonnegative function satisfying

) = g(t, —),

// g(s,y)dyds = 1;

/OO g(t, z)dx

— 00

and

is uniformly convergent for ¢ € [0,a], a > 0. In other words, Ve > 0,

3IM > 0, such that
/ g(t,x)dx < e
M

for any t € [0, a).
Letting u(t, z) = p(§) with € = z + ct, then Eq. (4) becomes

—Dy"(€) + ' (§) = (&), (g% ©)(£)); (5)

where

(g% o) // 9(s,y)p(§ —y — cs)dyds.
Let

BC(R,R) = {@ €ECR,R): sup lp(©) < OO} ;
and

BC%*(R,R) = {9 € BC(R,R) : ¢',¢" € BO(R,R)}.
A traveling wave front of (4) with wave speed ¢ > 0 is a function p(x + ct),
¢ € BC?(R,R), satisfying (5) and the following boundary conditions:
lim ¢(&) =0, lim ¢(&) =K >0. (6)

E——o0 £—o0
We will employ the following hypotheses:
(H1) f(u,u) =0 when u =0 or K;
(H2) There exists a constant 8 > 0 such that

F(9(€): (g% 9)(€)) + Bd(E) = F(W(E), (g% %) () + BY(&),

where ¢, € C(R,R) satisfy 0 < ¢(§) < ¢(§) < K for £ € R.

Next we define upper solution and lower solutions for (5).

Definition 1. A continuous function ¢ is called an upper solution of (5)
if ¢’ and ¢" exist almost everywhere and are essentially bounded on R, and
 satisfies the inequality

—D¢" (&) + e’ () = f((8), (9% 9)(€)), ae. onR. (7)
A lower solution of (5) is defined similarly by reversing the inequality sign
in (7).



EXISTENCE AND CRITICAL SPEED OF TRAVELING WAVE FRONTS 359

Let
BC[0,K] = {p e BOR,R): 0<p(§) < K},
Y ={p € BC(R,R): ¢,¢" € L°(R,R)},

and
I'= {ap eyY: 5Er_n w(€) € [O,K),gli)m »(&) = K; ¢ is nondecreasing in ]R} .
Define an operator F': BC[0, K| — BC(R,R) by

(Fe)(€) = f(0(8), (g x9)(E)), &R

Now, we rewrite Corollary 4.9 in [15] as follows.

Lemma 2 ( [15]). Assume that (Hy) and (Hz) hold, and there exists
some § such that f(u,u) # 0 for 0 < § < u < K. Also assume that ¢
and v, where ¢ € T' with glim $(&) = 0, and ¢ € BC[0,K]|NY with

——o0

0 <sup(§), ¥ < ¢ are upper and lower solutions of (5), respectively, then
£eR

Eq. (4) has a traveling wave solution ¢ such that (6) holds.

3. EXISTENCE OF TRAVELING WAVE FRONTS

In this section, we derive the sufficient condition for the existence of
traveling wave fronts of Eq. (1) with two different delay kernels.

(t — S)n t—s

3.1. The case of F(t,s,z,y) = é(x — y)n! Tn+167 -, with 7 > 0 and

n € N. In this case, Eq. (1) becomes

Ou(t,z)  O%u(t, )
5 = gur au(t,z) + b[1 — u(t, x)]

X / (t— S)ne*t?'g u(s, z)ds + ru(t,z)[1 — u(t, z)], (8)

1
oo Nl Tt

where 7 > 0 measures the delay. It is easy to know that Eq. (8) has two

. e . r+o—a . .
nonnegative equilibrium points 0 and , if + b > a. Converting of
r

+b
Eq. (8) into the traveling wave form with u(t,z) = ¢(§) and £ = x + ct, we

obtain

n

¢ o)~ apl©) + L 0(€) [T 0Tl - eo)ds
+rp(©( - pl€) =0, (9)

We seek a solution of this equation satisfying the asymptotic boundary

conditions
r+b—a

ggr}mw(f) =0, Egrgow(ﬁ) = i (10)
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For convenience, throughout this section, we set
h—

K — T+ a <1,
r+b

and
f(@(€), (g% ©)(€)) = —ap(€) +b(L — ¢(£))(g * ¢)(§) +1p(€)(1 — »(E)),
where

STL

5 0©) = [ e (e s

In the following, Lemma 2 is applied to obtain the existence of traveling
wave fronts for Eq. (8).

Obviously, the function f(¢(£), (g * ¢)(£)) satisfies the hypothesis (H).
Next, we prove that f(p(€), (g% ¢)(&)) satisfies (Hz).

Lemma 3. The function f(p(€), (9% 2)(€)) satisfies (Ha).

Proof. Fix f > r 4+ b+ a. For any ¢,vv € C(R,R) and satisfying the
inequalities 0 < ¢(§) < ¢(§) < K < 1, we have

F(9(8), (g 0)(€)) = F(¥(E), (g +¥)(€))
= (=ao(§) +b(1 = ¢(£))(g * ¢)(§) + ro(§)(1 — 6(£)))
— (=a(§) + 0(1 = (&) (g * ¥)(&) + (&) (1 — (£)))

= (r—a) (&(&) = ¥(&) +b((g * 9)(§) — (9 *¥)(E))
= b(6(&)(g % d)(€) — v(E) (g * ¥)(€)) — 7 (6*(€) — ¥*(€))
= (r—=a) (&(§) = ¢(€)) +b(1 = ¢(£)) (g% 9)(£) — (g*w)(ﬁ))
= 0(8(8) = 9(8) (g x ) (&) — 7 (8(§) + 1(€)) (¢(€) — ¥(E))
> (r—a) (6(§) = ¥(€)) = b(8(§) = »(€)) = 2r (4(§) — ¥(£))
= —(r+b+a)(8(&) —¥(6))
> =B(6(§) = ¢(§)

)
Therefore, f(o(£), (g * ¢)(£)) satisfies (Ha).

Now, we construct an upper solution and a lower solution for Eq. (9) to
satisfy the assumptions in Lemma 2. Introduce the notation

b

)2
Ar(e,\) =X —cA+(r—a)+ (14 Aer)n+l”

(11)
Since
A1(0,N) = N +r+b—a#0,
we know A1(0,\) = 0 has no real positive roots. By the continuity, for
sufficiently small ¢ > 0, Aj(c,A) = 0 still has no real positive roots. For
any ¢ > 0, we have
A1(¢,0)=r+b—a>0,
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lim Aq(e,\) = oo,
A—00

0 (n+ 1)bAt
A A)=—\— A
80 1(63 ) (1 + )\CT)”+2 < 07 6 (03 OO))
e o (n+ 1)(n + 2he*r?
n+1)(n+ 2)bc T
A =2 .
A2 1(e, ) + (15 Aer)mss >0

So, it is easy to see that the equation Aj(e, A) = 0 has two real positive
roots as ¢ increases and the following result holds.

Lemma 4. There exist ¢f > 0 and A} > 0 such that
(i)
Ai(cf, A1) = 0,
0
oA
(ii) for 0 < c<cf and XA > 0, we have Aq(c, \) > 0;
(iii) for ¢ > ¢}, the equation Aq(c,\) = 0 has two real positive roots,
which are denoted by 0 < A\ < A2, and we have
>0, for 0< A<,
A1(c,\) S <0, for A <A<, (13)
>0, for A> Ao

The ¢} > 0 is called the critical wave speed. Now we set
$(€) = min{K, Ke*'*},
P(€) = max{0, K (1 — Me*%)eM¢},
where M > 1 and € > 0 are two constants to be determined later.

Aq(ci, A) = 0 (12)
A=A

Lemma 5. (i) ¢(§) is nondecreasing in £ € R and satisfies the boundary
condition (10);

(i) 0 <P(§) < () < K, L €R.
Proof. (i) The conclusion is obvious.

(ii) Obviously 0 < ¢(§) < K and ¥(§) > 0, we only need to verify
$(€) < 4(€) for all € € R.

Let & = —i In M < 0. For & > &, we have
0 =v(&) < ¢(8).

For ¢ < &y, we have
Y(€) = K(1— Me*)e® < KeM® = g(¢).
Thus,

0<9(E) <o <K
for all £ € R.
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Lemma 6. Assume that ¢ > cf, then ¢(&) is an upper solution of Eq. (9)
and ¢(§) € T.

Proof. ¢(§) € T is obvious.
(i) If £ > 0, then

?(§) = K,
¢'(€) =0,
¢"(€) =0,

0< P —cs) <K

Introduce the notation

M()(E) = () — e6/ () ~ a(e)
PO 0(O) [0 e ol — esds +ro©)(1 - 9(6).
° (14)
It follows that
h@)(€) < —akK + bK(1 — K)+rK(1— K) =0,

(ii) If £ <0, then

$(&) = KeMs
¢ (&) = KAeMs,
¢ (&) = KAjeME,
B(€ — es) = KoM (Ee)
We have
/0 n! j—r:wl e P(§ —cs)ds = K/O nl j:+1 e~ retE—cs) g
KeM¢
T (14 Aer)ntl
Then
BOE) = K (e~ one 4 (r - a)e)

erié

K 2e2ME
(1+ Aperyntt " °

+ 0K (1 — KeM®)

<K [ X2eME —eheME 4 (r —a)eME + bele
- (I 4+ Aper)ntt

= Ke)\lgAl(C, )\1) =0.
Therefore, ¢(£) is an upper solution of Eq. (9).
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Next, we need a lower solution. Recall that A\; and Ay are two real
positive roots of the equation A;(c,A) = 0. Now, let € > 0 be sufficiently
small such that € < A1, A1 < A1 +¢& < A2 (so that Aq(e, A1 +¢) < 0). We
have the following lemma.

K (4r(1+ Mer)™™ +b)

L 7. If M 1,—
emma 7. If M > max{ T (L Aer) AL (6 A + )

}, then ¢(§)

is a lower solution of Eq. (9).

1
Proof. Let & = —. InM <0.
(i) If € > &o, then

Introduce the notation

h()(€) = ¢"(&) — e’ (§) — a(§)

(1= w(e) [ (e~ es)ds o€ - v(E).
(15)

Then we have

n

MO =b [ e vl - esds >0

(ii) If € < &, then we have

Y(€) = K(1— Me=)eMs,
PY(€ —cs) = K(1 — MesE=es))eh(§—cs)
Y€)= KM\ — M\ +g)et]es,
(€)= K[\ — M(\; +¢)2e¢]eMe.
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Further,

| e e = esas

= _ MetE—es)yor(6—cs)
K/ n'T"+1 (1 — Me® et ds

= KeM¢ e re Mg
0 n!7'"‘*‘1

oo Sn
_ KMe(ArFE)ﬁ / B e b ef()\1+5)csd8
0 n.:T

KeMi¢ K Meite)s
(1 +Aer)" T (14 (A + €)CT)n+1
>0,

and

S’ﬂ

nlrntl

s

() /OOO (e - es)ds < 0(E) /Ooo e (e — es)ds.

nlrntl
Hence, it follows that
h()(€) > K (A} — M (A +e)%e™) eMs — cK (A — M (A1 +e)e™) ettt
+ K(r —a)(1 — Me®®)eM® — rK2(1 — Me¢)2e?M¢
JRNT MeMi+e)é )
)"

bK (1 — KeM¢ -
+ ( ) <(1 +Arer)" (14 (A +e)er

b
PNTS 2 _ _ (M+e)€
> Ke™ ()\1 cA1 + (r a)+(1+>\107_)n+1> KMelM+e
b
x| (A +e)—ch+e)+(r—a)+
<( 1+e)" —c(A+e)+( ) (1+(A1+€)67)n+1>
b 2e2 1€ b2 Meriée(Mite)

_ _K21_ME§22)\1£
L+ daer)™ 14 Oyt eer ™ ( e

> KeMEA (e, M) — KMeMFEEA (e, A + ) — bR
- ’ ’ (14 Ajer)ntt
—rK%(1 — Me6)2e?Me,
Since ¢ < & < 0 and € < A, we have eM¢ < ¢ and
(1 —Me*)? < (14 Me*)? < (1+ Me*)? < (1+1)% =4.
Therefore, we obtain
bK
(1+ Aier)ntt
Therefore, ¥(€) is a lower solution of Eq. (9).

h(1)(€) > KeMFe)s (—Mmm A +e)— - 4rK> > 0.
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Furthermore, we have

lim ¢(¢) =0,

E——o0
A1

Ke )\1 ) N
zgﬁdj(@ A +e <M()\1 +€) -

and
flu,u) #0 for weldK).
From what has been discussed above and by Lemma 2, we can obtain
the following result.

Theorem 8. For every ¢ > ¢f and T > 0, Eq. (8) always has a travel-
ing wave front with speed ¢ connecting the zero equilibria and the positive
equilibria.

—s

3.2. The case of F(t,s,x,y) = 6(m—y)i (sin t ; 5 + cos t ; S) e 'r ST >
0. In this case, Eq. (1) becomes
Ou(t,z)  O%u(t, )
ot Ox?
X /t ! (sin t ; 1 cos t ; S) e u(s, z)ds + ru(t, z)[1 — u(t, ).
- (16)

—au(t,z) + b[1 — u(t, z)]

Tt is easy to know that Eq. (16) has two nonnegative equilibrium points 0
and K. Converting of Eq. (16) into the traveling wave form, we obtain

" (&) — e’ () — ap(§) + b(1 — ¢(€))
X /OO ! (sin * + cos 8) e (€ —cs)ds +ro(€)(1 —p(€)) =0. (17)
0 T T T

We seek a solution of this equation satisfying the asymptotic boundary
conditions

(Jm (&) =0, lim p() = K. (18)

£—o0

Let
f(@(€), (g% ¢)(€)) = —ap(§) +b(L — 9(£))(g * ¢)(&§) +1p(€)(1 — »(E)),

where ~
.S S\ _s
(g*x)(&) = /0 - (sm . -+ cos T) e” (€ — cs)ds.
We have the following lemma.

Lemma 9. f(¢(£), (g% )(€)) satisfies (Ha).

Proof. The proof is similar to that of Lemma 3, so we omit the details
here.
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Now, we construct an upper solution and a lower solution for Eq. (17) to
satisfy the assumptions in Lemma 2. Introduce the notation

b(2 + Acr)

A =\ - — . 1
2(e,\) = A" —ed+ (r a)+1+(1+>\m_)2 (19)
Then
As(0,A) =X +r+b—a#0.
For all ¢ > 0, we have
As(c,0)=r+b—a>0,
lim As(e, \) = oo,
A—00
0 bAT((AeT)? + 4der + 2)
Ag(c,N) = =X — <0, Xxe(0
de 2(07 ) (1 + (1 + ACT)2)2 ) ( 700)7
and
o? 2073713 ((AeT)? + 6Aer + 6)
As(c,\) =2 .
o2V =25 G Derys 0
So we have the following result, which is similar to Lemma 4.
Lemma 10. There exist ¢; > 0 and A5 > 0 such that
(i)
As(c3,A3) =0,
0
As(cp, A) = 0; (20)
oA A
-2

(ii) for 0 < ¢ < ¢ and XA > 0, we have Ag(c, \) > 0;
(iii) for ¢ > ¢, the equation As(c,A) = 0 has two real positive roots A1,
Ao, such that 0 < Ay < Ao and

>0, for 0<A<A,
Ag(c,\) < <0, for A <A<, (21)
>0, for A> Ao

¢4 > 0 is the critical wave speed. Now we set
#(€) = min{ K, KeM¢},
P(€) = max{0, K (1 — Me™)eMé}.

Lemma 11. Assume that ¢ > ¢5. Then ¢(§) is an upper solution of
Eq. (17) and ¢(&) € T.
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Proof. ¢(§) € T is obvious.
(i) If £ > 0, then

?(&) = K,
¢'(€) =0,
¢"(§) =0,

0< P —cs) <K

Introduce the notation
h(@)(§) = ¢" (&) — c¢'(§) — ad(§) + b(1 — ¢(€))
X /0 71_ (sin 78_ + cos 78_) efizi)(f —cs)ds +ro(€)(1 — ¢(§)).
(22)
It follows that
h(p)(€) < —aK+bK(1-K)+rK(1-K)=0.
(i) If £ <0, then

P(&) = KeM®
P'(&) = KX\eMs,
¢ (€) = KA\2eMS,
P —cs) = Ker(€—cs)
We have
/OOO *(sin +cos ") e ol — es)ds
_K/ sin +cosj_)e—ie>\1(§—cs)ds
_ KeME(2 4 Ager)
14+ (14 Aier)?
Then

h9)(€) = K (A3eM€ — chjeM€ + (r — a)et€)
eM&(2+ \jer)

bK (1 — KeMt K2e2Mt
+bK( ¢ )1+( 1+ Ajer)? e
beM&(2 + Ajer)
< K [ 2\2eM€ — o) eMié _ A€
< ( Te cAe™Ms + (r —a)e™t + 14 (1+ Ager)?

= KGAKAQ(C, )\1)
=0.
Therefore, ¢(§) is an upper solution of Eq. (17).
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Next, we need a lower solution. Let € > 0 be sufficiently small such that
€ < A1, A1 < A1+ < Xo. Then we have the following lemma.

K (4r 4+ 4r(1 4 Aer)? + b(2 + Acer))
AQ(C, A1 +€) (1+(1+/\16T)2) ’
then (&) is a lower solution of Eq. (17).

Lemma 12. I[f M > max<1,—

1
Proof. Let & = —. InM <0.
(i) If & > &o, then

Introduce the notation
h()(€) = ¢ (&) — e’ (€) — ap(§) + b(1 — (€))

[T E (s s D) el - s o)1 - 016
0 T T T
(23)
Then we have
*1/. s S\ _s
h(¥)(€) = b/o . (Sln Tt cos 7_) e (€ —cs)ds > 0.

(ii) If € < &, then we have

$(&) = K(1— Me*)eMs,
(€ —cs) = K(1— MeslEe))ehi(Emes),
P'(€) = K[\ — M(M\ +e)e e,
P"(€) = K[A? — M(\ +¢)%e*¢]eMe.

Further,

/°°1 s
(bln -+ cos ) —cs ds

T

s

T

= K/ sin _ + cos 8) e 7 (1 — MesE=es))ehlE—es) g
= Ke’\lg/ (sin i + cos S) e re M (s
0o T T T

— KMeMite) /00 1 (sin s + cos 8) e re-(Mtelesyg
o T T T

_ KeME24 Mer) KM O824 (A +e)er)
14+ (14 Aier)? 14 (14 (A +&)er)?
>0

)
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and
P(&) /000 i (sinT + cos )e ~)(€ — cs)ds

< ¢(§)/OOO 71_ (sin * + cos )e mah(€ — cs)ds
Hence, it follows that
h()(€) > K (A} — M(A1 +¢)%e) eM& — e (A — M (A +e)e™) eMé
+ K(r —a)(1 — Me®)eM® — rK?(1 — Me®t)%e?M¢
ME2+ Mer) | MePiFIE(2 4 (A + s)CT)>

bK (1 — KeM¢
+bE( ¢ )<1—|—(1+>\1CT)2 1+(1+()\1+5)c7)2

b(2+ AicT)
> A€ 2 _ e _ — KMeMi+e)
2 Ke <’\1 At (r a)+1+(1+)\1c7')2) ¢

b(24 (A +e)er)

1+(1+ A+ 5)07')2>
bE2e?ME(2 4 N\jer)  bE2MeMéeMiteE(2 4 (A +¢)er)

L (1 Mer)? 1+ (14 (M +e)er)?

— TK2(1 — Me‘fg)zeg)‘16

> Ke)‘lgAg(c, A1) — KMe()‘1+E)§A2(c, A1 +e)

B bK2e?28(2 4+ A7)
14+ (14 Mer)?

Since € < & < 0 and € < A\{, we have eM¢ < ¢ and
(1 — Me®®)? < (14 Me®)? < (14 Me™0)? < (14 1)% = 4.

Therefore, we obtain

X (()\1+5)2—c()\1+5)+(r—a)+

—rK?(1 — Me®%)2e?M18,

bK (24 Acr)
14+ (14 Aer)?

Therefore, ¥(€) is a lower solution of Eq. (17).

B()(E) > KeMr+o (—MA2<c, Mte) _ M) > 0.

Furthermore, we have

lim ¢(§) =

E——o0

sup (&) > § > 0,
£ER
and
flu,u) #0 for weldK).

From what has been discussed above and by Lemma 2, we can obtain
the following result.
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Theorem 13. For every ¢ > ¢5 and 7 > 0, Eq. (16) always has a trav-
eling wave front with speed ¢ connecting the zero equilibria and the positive
equilibria.

4. ANALYSIS ON THE CRITICAL WAVE SPEED

In this section, for the critical wave speed, we give a detailed analysis on
its location and asymptotic behavior with respect to the time delay 7. Our
main result is as follows.

Theorem 14. Consider Eq. (8).
(1)If a > r, then the critical wave speed ci satisfies:
(i) Upper and lower bounds of ci:

1 n«li»l
0<c<min{ 2vr+b—a, (( b ) —1> . (24)
T a r

(ii) Asymptotic behavior of ¢i with respect to the time delay T:
Let T be free, and the other parameters a, b, v and n be fixed, then

lim ¢ =2vVr+b—a, (25)
70t
A
li T — =0 26
Jim i~ | =0 (26)

where the positive constant A is given by

n+2
(n+1)(n+3)bA2:2B(1+ B) ,

n+3 (27)
B=\/14+(n+1)(n+3)(a—r)A% 1.
(2) If a = r, then the critical wave speed ¢ satisfies:
0< ¢t <2V,
and
lim ¢ = 2Vb.
T—0t
(3) If a < r, then the critical wave speed ¢} satisfies:
2Vr—a<cj < 2Vr+b—a,
and
lim ¢} =2vVr+b—a.
7—0t
Proof. (1) If a >,
(i) Letting
b
F(e,\) = (28)

(14 der)ntt’
G(e,\) = A+ (a—r) — N2,
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then

Aq(c,\) = F(e, \) — G(e, A),
and the critical point (c¢f, A*) (for convenience, we denote i as A*) is the
unique tangent point touched by the two surfaces F(e, A) and G(c, A). Ob-

viously, F(cf, \) is always above G(c}, \) except the touched point A*, see
Fig. 1.

Fig. 1. The graphs of F(cf, \) and G(c7, \)

Let
C*
M=y,
)\2 = CL
i+ \/c +4(a—1)
)\3 = )
2
where A; is the point at which G(c}, \) arrives the maximum
6*2
G(ci)‘l) =a—7r+ le 5

Ao is the non-zero root of the equation G(cf,\) = a — r, and A3 is the
positive root of the equation G(cj, \) = 0 (for the detail, we refer to Fig. 1).
Since

F(e}, A1) = G(ef, A1),
F(cl, A2) = Gleg, Az),
namely,
b cy?
er2p\ ML > a—r+ 4"
(1+57)

b

a—r
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This is equivalent to

which immediately imply the boundedness of ¢} in (24):

1
1 b ntl
0 <¢f <min 2V/r+b—a, (( ) —1)
T a—r

(ii) To prove (25) as 7 — 0T, let

¢y = lim cf,
T—01
and
Ao = lim A"
T—0t

Since ¢} and A* are bounded by
0<ci<2Vr+b—a,
0< A" < Ag,

respectively, and Az is bounded by

i+ \/ 24+ 4(a—r)

A3 = 9
< 2Vr+b—a+\/A(r+b—a)+4(a—r)
- 2
=Vr+b—a+ Vb,
then ¢ and A\j are also bounded. Thus,
1 1
lim = =1

=0+ (L A*efm)n Tt (L4 Af - cf - 0)ntt

Noting that (¢}, \*) satisfies the equations in Lemma 4(i), we have,

b
(14 Acir)ntt
_ (n+DbeyT
(14 M*cir)nt2

= N+ (a—r)— N2,

= ] -2\
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Taking limits of the above equations as 7 — 0%, and applying (30), we have

b= cpNs + (a— 1) = AP,

0=cy— 2,
which gives
C*
X =10

g =2Vr+b—a,
ie.,
lim ¢} =2V/r+b—a.

T7—0+

This completes the proof of (25).
Now, we are going to prove the asymptotic behavior (26) as 7 — +oo.

From
1
1 b n+1
T a—r

a=0(1"" =0

we have

1
as T — 400, with a > 5 In what follows, we shall determine that o = 1.
From (31), (32), we can obtain
— 1—4—)\*)01‘17 (N + (@ —7) — X)) = ¢} — 227,

which can be solved in \* as

. (42 1

- 2(n+3) (n+3)cir

+1 (n+2)ct 2 2+4(n+1)(a—r)+ 4
2 n+3 (n+3)cir n+3 (n+3)7
Note that ¢f = O(77%) as 7 — +o00. Then the above equation for A\* is
reduced to

Xox O(r) = O(r~ (7))

1 W e ]? A+ 1)(a =) 4
+2\/[O(T ) - O ))} * n+3 +(n+3)7‘

~ 0(1) for a=1, or
O(re=1) for a>1, or
o(1) for 1/2<a<1,as 7— +oo.
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It is also verified that
ar =~ 0(1) for a=1, or
O(r=@=Y) for a>1, or
O(rt=) for 1/2<a<1,as 7— 400,

and
T o~ 0(1) for a=1, or
o) for a>1, or
O(rt=%) for 1/2<a<1,as T — +oc.

Now, when « > 1, letting 7 — +o00 and applying the above equations to
(32), we obtain
’ (n+ 1)bcir

(1 + /\*c*T)n+2 ~ O(Ti(ail)) - 07 as T — +09o,
1

and
I} —20*| ~ O(1*7!) — 400, as T — +oo.
This implies that (32) does not match the order of 7 for both the left and

right hand sides, so we can not have o > 1.
Similarly, if 1/2 < a < 1, then

1)bcy
’ (n+ 1)beir ~O(r =0y 50 as 1 — 400,

(14 M*cir)nt2

and
ey —2X*| = O(1), as 7 — +oo.
This also shows that the orders of 7 as 7 — +o00 in both the left and right
hand sides of (32) do not match. So, we can not allow 1/2 < « < 1.
Therefore, it follows that the unique possibility for « is a = 1.
From the discussion above, we obtain ¢ = O(77!) and \* = O(1) as
T — 4o00. Let us assume

A

lim |¢f— |=0,
T—+00 T
lim A" =C,
T—-+00

for some positive constants A and C. Now, we are going to determine A
and C.
As 7 — +oo, taking limits of (31), (32), and using lim cf7 = A,

T—r+00
lim A\* = C, we obtain
T—+00
b 2
(1+ AC)t+1 — (a—r)—C7
_ (n+1)0A4 _ 90

(1+ AC)n+2
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Solving the above equations gives
oo Tt V14 (n+1)(n+3)(a—r)A2
B (n+3)A ’
and A is given by
n+2
(n+1)(n+3)bA% = 2B (1 T nﬁg) ,
B=\/1+(n+1)(n+3)(a—r)A2 - 1.
(2) If @ = r, the proof is similar to (1). From (29)-(31), we obtain
0< ¢ <2V,
and
lim ¢ = 2Vb.
T—0t1
(3) If a < 7, the proof is also similar to (1). From (29)—(31), we obtain
0<ci<2Vr+b—a,

and
lim ¢} =2vVr+b—a.
70+

*2
1

Since G(c*, \1) =a—1r+ c4 > 0, we have

c; > 2V/r —a.
The proof is completed.

Remark 15. Asymptotics (25) implies that ¢f = 2v/r + b — a is the criti-
cal wave speed for the corresponding reaction-diffusion equation (8) without
time delay (i.e., 7 = 0).

Similarly, we have the following theorem.

Theorem 16. Consider Eq. (16).
(1) If a > r, then the critical wave speed ¢} satisfies:
(i) Upper and lower bounds of c5:

1
Ogcégmin{%/r—i-b—a,\/ E}, (33)
T

where the positive constant E is given by

S b—2(a—71)++/(b—2(a—1)2+8(a—71)(r+b—a)
N 2(a —1) '
(ii) Asymptotic behavior of c5 with respect to the time delay T:
Let 7 be free, and the other parameters a, b, r be fized, then

lim ¢ =2vVr+b—a. (35)
70t

E
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(2) If a =r, then the critical wave speed ¢ satisfies:

0 < ¢ <2V,

and

lim ¢ = 2Vb.
T—0t

(3)If a < 7, then the critical wave speed ¢ satisfies:

2\/r—a<c’2‘§2\/r+b—a,

and

lim ¢ =2vVr+b—a.
T—0F

Proof. The proof is similar to that of Theorem 14, so we omit the details
here.
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